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1. INTRODUCTION 
1.1 Object and Scope 
The object of this study is to obtain an understanding of the role 
that web reinforcement plays in the shear-compression failure of reinforced 
concrete beams. The study was first considered since there exist; at present 
serious. doubts concerning the division of shear-carrying capacity between the 
stirrups and the concrete compression zone. In order to resolve this problem, 
tests have been conducted which have attempted to measure the forces in the 
stirrups. The measurement of the stirrup; strain is rather difficult since 
the force in the stirrup varies along its length and; ·one is only interested 
in the force in the stirrup right at the critical inclined crack. Consequently, 
the location of the critical crack must be known in advance so that the strain 
gages can be properly placed on the stirrups. Due to this circumstance the 
results are so far mainly .. inconclusive. 
It was decided that an attempt should be made to develop a con-
trolled model which could readily be solved and which would simulate the 
behavior of a reinforced concrete beam. The results of this model study could 
then be applied to available test results with the hope of obtaining an 
insight into the action of web reinforcement on the behavior of beams failing 
in shear compression. 
The model used for this study is described in Section 1.2. The 
equations which were used to solve the problem are derived in Chapter 2. 
Chapter 3 contains a discussion of the theoretical solutions which gives an 
insight into the behavior of the model. The theoretical results are compared 
with existing laboratory, data in Chapter 4 in order to determine the ability 
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of the model to depict the behavior of a reinforced concrete beam. Finally, 
Chapter 5 summarizes the important findings of this study. 
1.2 Description of Model 
In order to understand the model, it is first necessary to have a 
clear conception as to what is meant by the shear-compression failure of a 
reinforced concrete beam. If a beam develops an inclined crack, there is a 
tendency for the portion of the beam above this crack (i.e. the part of the 
beam marked I in Fig. lb) to rotate about the root of the crack. The rota-
tion tends to create a concentration of strains in the compression zone of 
the beam. .When this effect is superimposed upon the strain distribution of 
the compression zone due to flexural stress alone, it is possible to exceed 
the limiting strain for the concrete, before the main longitudinal steel 
yields. Consequently, although the beam actually fails by crushing of the 
concrete in the compression zone, the failure load is less than the flexural 
capacity of the beam. Because of the strain concentration in the compression 
zone of the beam, it is impossible to have a linear distribution of strains 
for a beam failing in shear-compression. 
The model used in this study is shown in Fig. 1. The model consists 
of the three rigid bodies marked I, II, and III in Fig. lb. These rigid 
bodies are joined by a hinge at A. The three rigid bodies are further 
connected by. a springFG which represents the concrete compression zone, and 
by the longitudinal reinforcement which is divided into two pin-connected 
links, Be and DE. Also shown in Fig. Ib are the links which represent the 
tensile strength of the concrete. They also are assumed to be pin-connected. 
In Fig. lc, the last of the pin-connected links joining the three rigid bodies 
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are shown. These links represent the stirrups and are inclined at an 
arbitrary angle, I, .with the horizontal. 
The model is loaded by two symmetrically placed loads ·a~·.s.' shown in 
Fig. lao The model has two degrees of freedom which may be characterized by 
the angles ¢ and~. The angle ¢ represents the opening of the vertical crack, 
while the angle ~ represents the opening of the inclined crack. .The deflec-
tion of a point in the beam underneath one of the applied loads can then be 
expressed in terms of ¢ and ~in the following manner: 
y = a(¢ + ~) (1) 
In this particular model two cracks are admitted as shown. in Fig. lb. 
Then, the tensile strength is restored by the introduction of links represent-
ing the tensile strength of the concrete .. In order to distinguish between 
these links and the steel links, the concrete links will hereafter be referred 
to as concrete threads. Since the concrete in this model is assumed to be· 
homogeneous and isotropic the concrete threads form a square grid pattern. 
The horizontal concrete threads are located by the dimensionless parameter, a, 
while the vertical concrete threads are located by the dimensionless parameter, 
~. The quantities a and ~ are defined as follows: 
where 
a -t::a, 1 
1 - - Nth 
~l = 
number of horizontal concrete threads 
Ntv = number of vertical concrete threads 
(2) 
Since the concrete threads forma square grid the following relation must hold 
for t::a, and .6.f3: 
-4-
L$ = ffi cot e 
In this study,Nth was made equal to 4 which immediately sets 8a = a l = 0.25. 
However, the relations developed in Chapter 2 '\vill be in terms of a so that 
the results will be more general. 
Finally as shown in Fig. lc, the stirrups are located by the 
* * dimensionless parameter ~l = L$ 
* 
s tany tan e ) 
xh (1 + tan y tan e 
( 4) 
The quantity ~ fixes the horizontal distance from the hinge at A to the point 
where a stirrup crosses the inclined crack. 
The last items needed to define the model completely are the force-
displacement relations for the steel links, the concrete threads, and the 
compression spring. These relations must be assumed and are shown in Fig. 2a 
through 2e. The validity of these assumptions will be discussed later in 
section 2.3. 
1.3 Ac~owledgments 
This study~ is presented as a doctoral thesis under the direction of 
Dr. M. A. Sozen, Professor of Civil,Engineering at the University of Illinois. 
The author wishes to express his gratitude for the many valuable and pertinent 
suggestions made by Professor Sozen. 
The author further acknowledges the suggestions given him by 
Dr. J. W. Melin, Assistant Professor of Civil Engineering. Dr. Melin's help 
was invaluable in setting up the computer program used in this study. 
Finally the writer wishes to thank Dr. A.R. Robinson, Professor of 
Civil Engineering, who aided in the development of the strain energy expressions. 
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1.4 Notation 
The complete set of symbols used in this study are summarized in 
this section for the convenience of the reader. 
Dimensions 
b width of beam 
d = effective depth of beam 
a = distance from beam reaction to first load 
s 
A 
s 
A 
v 
L 
ss 
= 
= 
= 
= 
spacing of stirrups 
area of longitudinal steel 
area of stirrups 
length of longitudinal steel across inclined crack 
length of longitudinal steel across flexure crack 
length of stirrups 
length of concrete threads 
length of concrete compression spring 
horizontal projection of inclined crack at level of 
longitudinal steel 
Loads, Moments, Forces 
p = load on beam (v = p) 
V
uf = ultimate shear for beam failing. in flexure 
v 
u 
v 
conc 
VI 
V c 
Muf 
F 
= ultimate shear 
= shear carried by concrete compression zone 
shear carried by stirrups 
inclined cracking shear 
ultimate moment for flexure failure 
force in links 
Stresses 
f 
cu 
f' 
c 
f t 
f y 
v 
Strains 
E 
sy 
E cut 
E cyc 
E cuc 
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= average concrete stress in compression zone at failure 
compressive strength determined from 6ft x 12" control 
cylinders 
= concrete tensile strength 
= 
yield stress of steel 
V 
bd = nominal shearing stress 
yield strain of steel 
= failure strain of concrete in tension 
= yield strain of concrete in compression 
failure strain of concrete in compression 
Diniension1LessFaators 
j ratio of length of internal lever arm to effective depth 
k = ratio of neutral axis depth at failure to effective depth 
u 
p 
r 
a 
* f3 
r 
c 
q 
= 
= 
= 
A 
s 
bd 
A 
·v 
ratio of tensile reinforcement 
bs sin I = ratio of web reinforcement 
dimensionless parameter locating horizontal concrete threads 
dimensionless parameter locating vertical concrete threads 
dimensionless parameter locating stirrups 
ratio of web·reinforcement necessary so thatV
uf can be 
carried entirely by stirrups 
p f 
~ 
f' 
c 
Miscellaneous 
e 
E 
s 
= 
= 
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inclination of diagonal crack 
angle of opening of inclined crack 
angle of opening of vertical crack 
inclination of stirrups 
modulus of elasticity of steel 
~ = parameter used to determine L 
cs 
.E = modulus of elasticity of concrete 
-c 
U = strain .energy 
n = potential energy of external forces 
* I = total potential energy of system 
e = elongation of links 
Kss = 
Ksf 
Ksw 
Kct = 
Kes 
Ntv 
Nth 
pbd f 
Y 
E L 
sy ss 
pbd f 
Y 
E L 
sy sf 
A f 
vy 
E L 
sy sw 
f t .6.Obku d 
E L 
cut ct 
f bk d 
cu u 
E L 
cyc cs 
= 
= 
= 
= 
= 
stiffness of longitudinal steel across inclined 
crack 
stiffness of longitudinal steel across vertical 
crack 
stiffness of stirrups 
stiffness of concrete threads 
stiffness of concrete compression zone 
number of vertical concrete threads crossing inclined crack 
number of horizontal concrete threads crossing either crack 
2. METHOD OF SOLUTION 
2.1 Strain Energy Technique 
Since all the deformable elements of the model will be in e.i ther 
axial tension or compression the strain energy of each element can be ex-
pressed in either or a combination of the two following forms: 
1 FA 2 U = .... -- e (5) 2 L 
where e represents the elongation at yield. Equation 5 governs elastic y 
action while Eq. 6 governs the behavior after yielding has occurred. 
Since the model has two degrees of freedom, the total energy of the 
system must be minimized with respect to each of the two independent coordin-
ates ¢ and~. This will result in two energy equations in the three unknowns, 
~, V, and P. The third necessary equation comes from a yield or failure 
criterion for one of the deformable elements. There are nine possibilities as 
follows: 
1. A horizontal concrete thread across the vertical crack can fail. 
2. A horizontal concrete thread across the inclined crack can fail. 
3· A vertical concrete thread across the inclined crack can fail. 
4. The longitudinal steel across the inclined crack can yield. 
5· The longitudinal steel across the vertical crack can yield. 
6. A stirrup across the inclined crack can yield 
7· A stirrup across the vertical crack can yield. 
B. The compression spring can yield. 
9· The compression spring can fail. 
-B-
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Initially, the energy of the model is expressed with all deformable elements 
in their elastic state. The two energy equations are solved with each of the 
nine criteria listed above in order to obtain the minimum value of P. Once 
the minimum value of P is obtained, one cycle in the solution has been 
completed. 
The total energy of the system is then modified to take into account 
the previous yield or failure criterion. The procedure described in the 
previous paragraph is continued until criterion 9 governs. At this point the 
model is said to have failed. It should be noted that in this procedure once 
an element has yielded it cannot be unloaded. If unloading occurs after 
yielding this method gives incorrect results unless the procedure is refined 
further. 
2.2 Development of Equations 
In ord~r to develop the necessary equations for solving the problem, 
it is first necessary to expresstbe elongations of the elements as functions 
of ~ and~. First consider the elongation of an element across the inclined 
crack as the crack opens an amount o~ (see Fig. 3a). Consider the point 
(Xl' Yl ) to remain fixed. As the crack opens o~, the point (x2, Y2 ) moves to 
(x2 + ox2 , Y2 + 5y2). The elongation of the member, 5L, is found from the 
following equation: 
However, from Fig. 3a, 
(X2 - Xl) = L cos j 
(Y2 - Yl ) = L sinj 
= (3(1 - k )d o1!r 
u 
= (3(1 - k )d tan e o¥ 
u 
-10-
Substituting these relations into Eq. 7 the following equation is obtained: 
oL (3(1 - k )d [cos (, - e)] o¥ 
u cos e J 
For the special case when, = 900 , .Eq. 8 reduces to: 
oL = (3(1 - k )d tan e o1!r 
u 
When 1 = 00 , .Eq. 8 reduces to: 
oL (3(1 - k )d o¥ 
u 
( 8) 
(10) 
Similarly, it can be seen from Fig. 3b, that the elongation of an 
element crossing the vertical crack at some arbitrary. angle, I, can be 
represented by: 
oL = 0(1 - k. )d cos 1 o@ 
u 
o For the special case when 1 = 0 , Eq. 11 reduces to: 
8L = 0(1 - k )d o@ 
u 
(11) 
(12) 
Finally.for the compression spring, the elongation involves both @ 
and ~ as follows: 
Once the elongation of the various elements are known, the strain 
energy of the component parts of the system can be computed easily. First 
consider the contribution of the concrete threads crossing the inclined crack. 
For generality assume that at this stage of loading several threads have broken 
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and therefore no longer contribute to the strain energy of the system. Assume 
that i horizontal threads and k vertical threads remain across the inclined 
crack. The strain energy of these threads can be expressed as: 
u 
cts 
Since the expression for the elongation is known, the strain energy equation 
becomes: 
u 
cts 
where is Nth and k S Ntv . 
222 k j 
-+- tan e m~ tlm 1jI (14) 
In a similar fashion if it is assumed that £ concrete threads are 
still acting across the vertical crack, the contribution to the strain energy 
of the system of these threads may be expressed as: 
where £ S Nth' 
The contribution of the longitudinal steel to the total strain 
energy consists of the link across the inclined crack and the link across the 
vertical crack, U and U f respectively. The expression to use for either 
ss s 
depends on whether the steel has yielded. If the steel is still elastic then 
these expressions become: 
U 
ss (16) 
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If on the other hand, the steel has yielded these expressions become: 
U = pbdf (l-k )d(~-~ ) 
ss y u y 
U
sf = pbdf (l-k )d(~-~ ) Y u . Y 
(18) 
The contribution of the stirrups depends on how many of the stirrups 
crossing the inclined crack have yielded. For convenience assume that g 
stirrups cross the crack and that the k stirrups close to the hinge have not 
yet yielded. Now, the contribution of the stirrups crossing the inclined 
crack can be expressed as follows: 
+ A f (l-k )d [cos(r-e )] [f 13: 1 (1jr) 
v y u cose J ~ l 
i=k+l 
(20) 
It must be noted that if the stirrups are inclined it is possible 
for the stirrups to cross the vertical crack and hence have an additional 
contribution to the total strain energy. Assume that m inclined stirrups cross 
the vertical crack and that n of these stirrups have not yielded. Now the 
strain energy of these stirrups can be written as: 
+ A f r~ (1-k ) d tan e 
v y !....xh u 
(21) 
The compression spring also contributes to the strain energy. Once 
again the correct energy expression to use depends on whether the spring has 
-13-
yielded. If the compression spring is elastic then the expression is simply 
as follows: 
u 
cs 
1 . 2 2 2 
= -2 k:: ( k + J -1 ) d (<t>+ 1jJ ) 
cs u 
However, when the spring becomes inelastic the energy expression becomes: 
U 
cs 
f bk d(k +j-l)d L-(<t>+ljJ) - (<t>+1jJ) ] 
cu u u y 
The total strain energy of the system, U, is found by adding up 
(22) 
the strain energies of all the component parts. The following equation is 
obtained: 
U = Ucts + U tf + U + U f + U + U f + U c ss s sws sw cs (24) 
Also, the potential energy of the external forces is expressed simply as: 
n = -. Pa(<t> + 1jJ) 
* Therefore the total potential energy of the system, I , can be written as: 
I* = U + n (26) 
It should be noted that, in using Eq. 24 and 25 to solveEq. 26, only half 
of the total potential energy of the system has been taken into account. 
However, since there is symmetry of loading and since the solution will be 
based on the derivatives of the potential energy with respect to <P and 1jJ) 
this will not affect the final results obtained by this procedure. 
Next the total potential energy of the system must be minimized. 
This is accomplished by use of the following equations: 
cI* ~= 0 
CI* ~=O (28) 
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Upon applying Eq. 27 and 28) two coupled equations are found of the form: 
The constants A and B are determined from the differentiation and depend 
only on the loading, the dimensions and material properties of the model, 
and the stage of loading being investigated. 
The third equation necessary for solution comes from the yield or 
failure criteria given in Section 2.1. Each of the nine criteria results 
in an equation of the form: 
The constants A depend on the geometry of the criterion being investigated 
while B3 represents either a yield or failure deformation. For example) 
suppose that there are still £ concrete threads acting across the vertical 
crack and that criterion 1 in Section 2.1 is being investigated. The 
resulting equation is: 
an(l - k )d~ = E t L t 
J, U cu C 
This equation along with Eq. 29 and 30 produces a certain value P. Each of 
the other eight criteria along with Eq. 29 and 30 will produce a corresponding 
P = P.. The smallest value of P will be the correct value of P. With this 
l 
value of P there are associated values of ~ and *. Based on these values the 
strain energy of the system is modified and the procedure is repeated. For 
example, suppose that Pl is the minimum value of P. In the next cycle, Eq. 15 
must be modified to exclude the broken thread as follows: 
n=l 
-15-
In matrix formulation, the whole solution can be expressed as: 
r All A12 A13 <;P Bl 
A21 A22 A23 1jr B2 (32) 
l A31 A32 0 P B3 
2.3 Restrictions on the Model 
In attempting to use a model with a discrete number ofrigidbddies 
and flexible links to depict a reinforced concrete beam with an infinite 
number of degrees of freedom, certain difficulties arise. The first such 
difficulty arises because the neutral axis of the model (i.e. hinge A in 
Fig. Ib) should remain in a fixed location in order to effect a simple mathe-
matical formulation. In an actual reinforced concrete beam the position of 
the neutral axis changes as the loading progresses. It was decided to make 
the neutral axis of the model beam coincide with the position of the neutral 
axis of the real beam at failure. This position is determined from the 
following equation: 
where f = 0.7 f' . 
cu c 
k 
u 
P f 
~ 
f 
cu 
Consequently, in the model a horizontal force arises at hinge A in Fig. lb. 
This force is necessary to preserve horizontal equilibriQm of the model and 
does not disappear until both the longitudinal steel across the vertical 
crack and the concrete 'compression spring have yielded. In the case where 
inclined stirrups cross the vertical crack, this horizontal force never goes 
to zerOj however, its value becomes quite small once both the longitudinal 
steel across the vertical crack and the concrete compression spring have yielded. 
-16-
It should also be stated that if the beam fails in shear-compression, 
the horizontal force at hinge A never becomes zero although its magnitude 
diminishes as failure is approached. In general, the horizontal force at 
hinge A can be either tension or compression. Figure 4 shows the variation 
in the horizontal force at hinge A for a beam failing in flexure. It can be 
seen that the magnitude of this force is quite small with respect to the force 
in the compression spring and the force in the longitudinal steel across the 
vertical crack except in the very early stages of loading. Figure 5 shows 
the same curves for a beam failing in shear-compression. This time it is 
evident that the horizontal force at hinge A is not negligible with respect 
to either the force in the compression spring or the force in 
the longitudinal steel across the vertical crack at any stage of loading. 
This horizontal force represents a deviation of the model from the real 
reinforced concrete beam. 
It should also be stated that in solving all problems the compres-
sion spring is assumed to be located at distance jd from the longitudinal 
steel where, 
j = 1.00 - 0.4k 
u 
A minor restriction placed on the model was the fact that e was 
allowed to assume only certain discrete values. The allowable values of e 
are determined by: 
tan e 
where m = 1, 2, 3, ..... 
This restriction was necessary because of the squaxe grid pattern imposed on 
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the model by the concrete threads. The integer m above represents the number 
of vertical concrete threads crossing the inclined crack. 
It will be shown later in this study that for a given beam there 
will be one position of the inclined crack characterized by one value of e for 
which the load P will be a minimum. Further, since curves showing the 
relation between P and tan e will be quite useful, it is worthwhile to state 
here that the curves of P vs tan e are determined only at discrete values of e 
and therefore are not continuous functions. 
The last and most difficult point to resolve in the model concerns 
the length of all the links, both concrete and steel, connecting the rigid 
portions of the model. In order to solve the problem with this model, it is 
necessa~ to give each link a finite length. Consider first the compression 
spring which dictates the failure of the model beam. In order to arrive at 
a length for this spring, it is convenient to examine the actual distribution 
of the compressive stresses on the compression zone at failure. This dis-
tribution is shown in Fig. 6 for two values of k. In both Fig. 6a and 6b, 
u 
the average compressive stress may be taken as O.7f'. Now, the compressive 
c 
stresses can be replaced by a concentrated force at point A without disturbing 
the equilibrium of the beam. Thus, the compressive force in Fig. 6b will be 
twice as large as the force in Fig. 6a. 
Point A represents the point in the model where the compression 
spring will be placed. Now in a reinforced concrete section under its 
respective compressive force, point A shown in Fig. 6b should deform more 
than point A shown in Fig. 6a because of the larger compressive force. 
Further, it seems reasonable that the spring chosen to represent the compres-
sion zone in the model should reflect the same tendency. The deformation of 
the compression spring at failure is governed by the following equation: 
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6" = 0.6E L fallure cuc cs 
In order to insure that 6 f "1 increased as k increased, it was decided to . al ure u 
make L a function of k d. Based upon the results of exploratory solutions 
cs u 
using various values of Land k , it was found that acceptable results could 
cs u 
be obtained very stmply from the following expression: 
L 
cs 
A.k d 
u 
The above equation assumes the length of the compression spring to be a linear 
function of k d. The values of A. which gave the best results in the explora-
u 
tory solutions appeared to be around 0.40 which is the value adopted in this 
report. 
It should be emphasized that while Eq. 37 is very simple, it is not 
without faults. Consider the value of (¢ + ~) at failure of the model which 
can be expressed as: 
(¢ + \jr)failure 
L E 
cs cuc 
k d 
u 
= A.E 
cuc 
It should be observed that by using Eq. 37, the value of (¢ + \jr) at failure of 
the model, which is a measure of the ductility of the beam, no longer depends 
upon q. This conclusion is contrary to what is known about the variation of 
ultimate curvature with the parameter q -- namely, the ultimate curvature 
should decrease as q increases. However, it would be quite presumptious at 
this stage to offer a quantitative esttmate of this effect since it has already 
been acknowledged that the determination of the value used for A. was rather 
crude. Moreover, this should not be held as a critical shortcoming of the 
model since ductility is not a prime consideration in describing a shear 
failure. 
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Once the length of the compression spring has been decided, the 
proper length for the longitudinal steel across the flexure crack was con-
sidered. It was decided that this length should be the same as that of the 
compression spring. This was done so that in a pure flexural failure of the 
model, the assumption of a linear distribution of strains would be correct. 
Moreover, since the correct length to use for the steel links depends on bond, .. 
it seems reasonable to make the steel links representing the stirrups the 
same length as the longitudinal steel across the flexure crack. Refinements 
based on bar diameters would be completely unjustified. Furthermore, since 
the compression spring is a concrete link, it was decided to make the length 
of the concrete threads the same as the length of the compression spring. 
This assumes there should be no difference in the lengths of concrete links 
regardless of whether they are tension or compression links. 
At this point all of the links connecting the rigid portions of the 
model have been examined and given the same length, as determined by Eq. 37 
except for the longitudinal steel across the inclined crack. This link 
behaves in a slightly different manner as can be seen with the aid of Fig. 7. 
In this figure, Tl represents the force in the longitudinal steel at the 
vertical crack while T2 represents the force in the longitudinal steel at the 
inclined crack. When no stirrups are present, it can be shown by simple 
statics on the free bodies shown in Fig. 7a and 7b that Tl = T2 . Since the 
force in the longitudinal steel remains constant over the horizontal projec-
tion of the inclined crack when no stirrups are present, this horizontal 
projection can be thought of as a length over which the longitudinal steel 
is unbonded. Hence in a beam without stirrups, the length of the link repre-
senting the longitudinal steel across the inclined crack is equal to the 
horizontal projection of the inclined crack at the level of the longitudinal 
steel. 
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In a similar fashion, by applying s~ple st~tics to the free bodies 
shown in Fig. 1a and 7c, it can be shown that T2 < Tlo The amount by which Tl 
exceeds T2 depends upon the quantity of stirrups. In fact by using a great 
enough percentage of stirrups it should be possible to reduce T2 to the value 
it would have in a reinforced concrete beam without an inclined crack. For 
convenience, this percentage of stirrups mentioned above will be referred to 
as the critical percentage of stirrups and it seems reasonable to assume that 
a beam with the critical percentage of stirrups will behave almost as though 
there were no inclined crack. Therefore if the critical percentage of stirrups 
is used, the. length of the link representing the longitudinal steel across the 
inclined crack should be the same as all the other links. In other words, its 
length is determined by Eq. 37. 
It was decided that this critical percentage of stirrups would be 
determined by assuming that it would be the quantity of stirrups necessary to 
carry all the shear on the beam when it reached its flexural capacity. Letting 
N represent the nQmber of stirrups crossing a diagonal crack, this criterion 
can be stated mathematically as follows: 
NAf 
vy 
'bd2f 
sin 1 = V = PJ Y 
uf a 
Writing this equation in terms of the critical percentage of web reinforce-
ment, the following equation is obtained: 
(40 ) 
At this point, the length of the link representing the longitudinal 
steel across the diagonal crack is seen to depend on r. Moreover, this length 
is accurately known for two values of r, namely r = 0 when L = ~ and 
ss n 
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r > r when L = ~k d. It now becomes necessary to decide the manner in 
c ss u 
which L should vary with respect to r. Starting with the bias that the 
ss 
efficiency of extremely small amounts of web reinforcement would be negligible, 
that this efficiency would improve rapidly with increased amounts of web re-
inforcement, and finally that the efficiency would decrease as the critical 
percentage was approached, a series of solutions for various beams were 
obtained using different assumptions for L vs. r. The variation shown in 
ss 
Fig. 8 was chosen as the most convenient alternative in view of its simplicity 
and reliability. 
2.4 Effect of Link Lengths on Solutions 
Since the definitions of the length of the links in this study are 
far from precise, it seems advisable at this point to study the effects of 
changing these lengths independently. The curves presented in this section 
are taken from the exploratory solutions mentioned earlier which were used 
to determine the link lengths given in Section 2.2. The material properties 
and dimensions of the heams discussed in this section are listed in Table 1. 
The procedure used was to give each link a basic length and then to vary one 
particular type of link. In this way it was possible to get an idea of the 
sensitivity of the model to the length of the links. 
The first study made was to determine the sensitivity of the beam 
behavior as a result of changes in the lengths of the links representing the 
stirrup steel. Figures 9 and 10 show this effect for a large range of 
stirrup lengths. For this beam it is readily seen that the length of this 
link does not affect greatly the: load deformation characteristics or the 
opening of the two cracks. It should be noted that changing this length does 
have a large effect on the internal distribution of forces. However, even 
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though the length of stirrup link does affect the division of shear carrying 
capacity between the stirrups and the concrete compression zone, it does not 
change the overall behavior of the beam greatly. 
Next, the behavior was studied as the length of the link representing 
the longitudinal steel across the inclined crack was varied between its two 
extreme limits. FramFig. 11 and 12, it can be seen that the behavior of the 
beam is extremely sensitive to the length of this link. Observations of 
other curves similar to these led to the adoption of a varying length for this. 
link. The results of these preliminary studies led to the curve of L vs r 
ss 
shown in Fig. 8. 
In a similar fashion, the lengths of the concrete threads were 
varied. A typical set of results of this study are shown in Fig. 13 and 14. 
It should be observed that the length of the concrete threads affects the 
behavior of beam only during the early stages of loading. Once the threads 
have broken, which usually occurs long before the actual failure, the length 
of these threads becomes immaterial. It should be observed in Fig. 13 that 
in the curve marked Lct = 10", Lct is so large that the steel yields before 
all the threads across the vertical crack can fail. 
Finally the beam behavior was studied as the link representing the 
longitudinal steel across the flexure crack and the link representing the 
compression zone were varied. These two links were considered together in 
order to preserve the assumption of linear strain distribution for a flexural 
failure. The results of this study are shown in Fig. 15 and 16. The length 
of these links has a very important effect on the behavior of the beam. If 
the length is too short, the beam will always fail in shear compression; 
moreover if it is too long, the beam w~ll always fail in flexure. 
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2.5 Outline of Solutions 
Based on the results of previous investigations of the shear 
failure in reinforced concrete beams, it was decided the most significant 
variables would be p, r, Y, fl, and a/d. Therefore, it was proposed to solve 
c 
a great number of problems using the beam model shown in Fig. 1, in order to 
assess the importance of these variables. In each problem e was varied until 
the beam carried its minimum load. The value of e producing this minimum load 
was assumed to be the correct value and the solution based on that value e was 
assumed to be the correct solution of the problem. It was also decided to use 
a standard reinforced ,- concre:te' beam with a 10-in. width and a 20-in. 
effective depth. The variable aid was then changed by varying a. It was 
further assumed that the tensile strength of the concrete threads would be 
determined as follows: 
(41) 
It was decided that the spacing of the stirru~s (see quantity s in 
Fig. lc) should be kept constant in order to reduce the total number of 
variables. It was decided to use a value of s = 6" when Y = 900 . However, 
in order to keep r constant when Y is changed it is necessary to modifY s for 
values of Y different from 90°. This is done by letting s = 6/sin y. 
The properties of the steel and concrete used in the model beam 
which were kept constant throughout this study are tabulated below. 
f 40 ksi 
Y 
E 30,000 ksi 
s 
E = 0.00150 
cyc 
E = 0.00400 
cuc 
Ecut = 0.00015 
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The variable parameters were then given the following ranges: 
p = 0.015, 0.020, 0.025 
r 0.000833, 0.001667, 0.00;333, 0.005000, 0.006667 
! 30°, 45°, 60° , 75°, 90° 
f' 3000 psi, 5000 psi 
c 
a 40" , 60", 80" 
Table 2 and 3 give the values of these parameters corresponding to each 
solution. 
The range of variables cons idered above corresponds 'to, 450 ,pr'oblems . 
The solutions to these problems were obtained with the aid of an IBM 7094. 
The flow dia:gram for the computer program used in this report is given in the 
Appendix. 
3. RESPONSE OF THE MODEL 
3.1 Flexural Failures 
The first step in the study of the model response was checking its 
reliability in predicting flexural failures. The model can predict a flexural 
failure if the inclined crack is not permitted to open (i.e., ~ = 0) during 
loading. A typical load-deflection curve for flexural failure of the model 
with vertical stirrups is shown in Fig. 17. This curve is representative of 
the load-deflection relationships of real reinforced concerete beams failing 
in flexure. Point A on this curve indicates the cracking of the concrete. 
This point is always well defined by the model although there is not always 
a small drop in the load associated with flexural cra cking . At Point B, the 
main longitudinal steel yields. At Point C the compression zone yields and 
finally at Point D the compression zone fails. In the case of flexural 
failures, the model does predict the proper strength of the beam. 
It should be recalled that it is possible to increase the flexural 
capacity slightly by inclining the stirrups. If the inclined stirrups cross 
the flexural crack they will contribute to the internal resisting moment of 
the beam. In Fig. 18 a load-deflection curve is plotted for the same beam 
that was shown in Fig. 17 with the exception that in Fig. 18 the stirrups 
are inclined 300 with the horizontal. The two curves are quite similar with 
the letters A, B, C, and D indicating the same points in Fig. 18 that they 
did in Fig. 17. It can be seen that the load at which the concrete cracks 
is not affected by the inclination of the stirrups. However, Points B, C, 
and D occur at higher loads when the stirrups are inclined. In this par-
ticular example, the flexural capacity has been increased approximately 
3 percent by inclining the stirrups. 
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The ultimate loads reached in Fig. 17 and 18 are exactly the same 
as those that would be predicted by conventional methods. The increase in 
capacity caused by inclining the stirrups never exceeded 15 percent of the 
original capacity in any of the beams investigated in this study and seldom 
exceeded 5 percent. This increase would also be indicated by conventional 
methods if the influence of the stirrups were considered in the derivation 
of the method. 
3.2 Shear Failures Involving Beams Without Web Reinforcement 
The next step in the study was an examination of the behavior of 
the model failing in shear-compression without stirrups. The model fails 
in shear-compression when an inclined crack opens in addition to the vertical 
crack. As it has been stated previously, there is an angle e, characterizing 
a particular inclined crack, for which the load on the beam will be a minimum. 
A typical example of the variation of the load at failure with the changing 
slope of the inclined crack is shown in Fig. 19. In this figure, there are 
two distinct curves. The curve ACDB represents the load on the beam when the 
compression zone fails while the curve ECB represents the load on the beam 
when the inclined crack is initiated. The two curves intersect at C and 
become identical at B. 
It should be observed that all the inclined cracks which are 
characterized by a value of tan e lying to the left of point C are "stable" 
cracks. In other words, 'after the load which initiates the inclined crack 
is placed on the beam, failure does not take place suddenly. The beam is 
capable of withstanding greater loads before failing in shear-compression and 
may even reach its flexural capacity regardless of the presence of the 
inclined crack. 
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Cracks which are characterized by a value of tan e lying between 
Points C and B are "unstable" cracks. In other words, the load causing the 
inclined crack cannot be sustained by the cracked beam. The beam fails as 
soon as the crack opens. 
Cracks with values of tan e lying to the right of Foint B never form 
"cracks," since the load re~uired to initiate the crack along the prescribed 
path is greater than the flexural capacity of the beam. The beam fails in 
flexure. 
It should be noted that if it was desired to plot the minimum load 
that the beam could carry as a function of tan e, the proper curve would be 
the curve ACB shown in Fig. 19. The minimum load occurs at point C. However, 
since this study only dealt with discrete values of tan e defined by E~. 35, 
the value of the minimum load actually used does not coincide with the value 
of the minimum load associated with ~oint C. However, although the minimum 
load used is slightly greater than the absolute minimum, the error is slight. 
An example of the load-deflection relationship for a beam failing 
in shear-compression is shown in Fig. 20. This curve corresponds to the beam 
in Fig. 19 with an inclined crack characterized by tan e ~ 2.00. On this 
curve, Foint A represents flexural cracking of the beam. After flexural 
cracking, the load builds up until p')oint B is reached. Point B represents 
the initiation of the inclined crack. Because of the simplicity of the model 
once the first thread across the inclined crack breaks, all the other threads 
follow immediately. Point B represents a momentary point of instability. Now 
due to the manner in which the problem is solved, the model can undergo a 
decrease in both load and deflection once the inclined crack forms. This is 
clearly demonstrated in Fig. 21 which is an enlargement of the early stages of 
loading for the beam shown in Fig. 20. The reason for this stems from the 
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fact that in the solution it is assumed that the model is unaware of its past 
history. In other words, although several of the deformable elements may have 
yielded or even failed, the model cannot remember at what load or deflection 
these events occurred. The model is merely solved for the load which causes 
another deformable element either to yield or to fail. These solutions 
result in "rays" emanating from the origin as shown in Fig. 21. The slope 
of a !I ray" represents the stiffness of the model at the particular stage of 
loading. It should be stated that after each yielding or failure of a 
deformable element, the stiffness of the model must decrease. It can be seen 
in Fig. 21 that this is indeed the case. Therefore since the load vs deflec-
tion curve is found by connecting the tips of all the ~Irays, II it is theo-
retically consistent for both the load and the deflection to decrease provided 
that the stiffness of the model also decreases. 
However, in a practical situation, once the inclined crack is 
initiated (i.e., foint B in Fig. 20), the next point on the load deflection 
curve depends on the type of testing machine used. For instance, if the 
machine were capable of maintaining a constant load, which would correspond 
to failure under dead load, the static load deflection curve would follow 
the broken line from P'oint B to Ploint E in Fig. 20. If on the other hand, 
the testing machine maintained a constant deflection, the curve would drop 
from Point B to Foint C. Since the latter situation comes closer to simulating 
laboratorJ tests, load deflection curves in this report will be based on the 
assumption that the deflection remains constant. In Fig. 20, Point D repre-
sents yielding of the compression zone and Point F represents failure of the 
compression zone. 
In Fig. 22 load-deflection curves are plotted based on the 
assumption given above which represent the various values of tan e shown in 
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Fig. 19. The curve in Fig. 22 marked tan e = 1.50 is an example of a stable 
crack with a value of tan e lying to the left of Point C in Fig. 19. The 
curve marked tan e = 2.50 is an example of an unstable crack with a value of 
tan e lying between Points C and D. Finally, the curve marked tan e = 2.75 
represents a beam in which the inclined crack does not open. Therefore the 
load-deflection curve in this situation coincides with a flexural failure. 
Also, it should be pointed out that it has been asswiled ';"'J...,...,';" ';"'J...,~ vJ.J.Cl. v VJ..u::: 
inclined crack which produces the minimum load on the beam is the crack 
which will form. However, in an actual reinforced concrete beam irregulari-
ties in the tensile strength of the concrete may determine the location of 
the critical inclined crack. In that situation the solution corresponding 
to the actual value of tan e for the particular inclined crack becomes the 
correct solution. 
Next, curves similar to Fig. 19 were plotted using the same value 
of P = 0.015 but using different values of a/d. These curves are shown in 
Fig. 23. It should be observed that although the minimum value of the load 
changes with different values of aid, the value of tan e at which these 
minimum loads occur is independent of a/d. 
In order to see why this occurs it is convenient to consider the 
resisting moment developed by the beam both at inclined cracking and at 
failure of the compression zone. At inclined cracking, the angle ~ can be 
determined geometrically from the elongation re~uired to break a thread across 
the inclined crack. Once.~ is known, the moment is automatically determined. 
Consequently this moment is dependent upon tan e but independent of a/d. 
At failure of the compression zone the ~uantity (~ + ~) is uni~uely 
determined by E~. 38. Since all the deformable elements crossing the two 
cracks at this stage are elastic, there is a fixed ratio between the stiffness 
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of the elements crossing the two cracks. Therefore it is possible to determine 
both ~ and~. As a result of this fact, there exists a unique moment which 
is dependent upon tan B but independent of a/d. Finally it can be concluded 
that the value of B which makes these two resisting moments equal is in-
dependent of a/d. Moreover, since a linear relationship exists between M and 
P (i.e., M = P a), the curves representing the inclined cracking load and the 
failure load will also intersect at the same value of B. 
It is very easy to reach the same conclusion algebraically. It is 
apparent that the variables P and a only appear in the expression for the 
potential energy of the external forces (i.e. Eq. 25). Therefore, it can be 
shown that for this model A13 = A23 = -a in Eq. 29 and 30 for all stages of 
loading. Consequently, if Eq. 30 is subtracted from Eq. 29, an equation 
involving only ~ and ~ is obtained which is independent of both P and a. 
This equation along with Eq. 31, which is also independent of both P and a, 
makes possible a direct solution for ~ and t. For this reason ~ and ~ will 
always be independent of a/d. 
When the beam has no stirrups, the expressions for ~, ~, and P at 
failure of the compression zone can be stated as: 
~fail ~ (x 
xh ) E 
+ Lsf cuc h 
(42) 
L f 
~fail ~ E (x +sL ) cuc h sf 
2 
A( f(l-k ) d ~f "1 + f bd k (k +j-l) s u al cu u u 
aid 
(44) 
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It is apparent from the above equations that both ~fail and ¢fail 
are independent of aid while Pfail depends on a/d. Also, it is obvious that 
for a given beam, Pfail becomes a minimum when ¢fail becomes a minimum. Since 
xh = (l-ku ) d tan e, it can be seen from Eq. 43 that ¢fail approaches zero as 
tan e approaches infinity. Therefore, in a beam without stirrups, Pfail 
constantly decreases as tan e increases. 
Similarly, expressions can be found for ~, ¢, and P at the initiation 
of the inclined crack. These expressions are more involved than those at 
failure but it can be shown that ¢crack and ~crack are independent Of~/d. 
The expression for P k has the following form: 
crac 
B A - A 
P ;::: 1 -2. [A (12 22) + A l 
crack a/ d A32 11 A21 - All 12J 
( 45) 
If Pcrack is set equal to Pfail , the point C in Fig. 19 can be obtained. The 
important observation is that the term l/(a/d) can be factored from both 
sides. Therefore the value of tan e necessary to make P k = Pf "1 is crac al 
independent of a/d. 
In Fig. 23, curves are plotted for several values of aid which 
clearly show that the value of tan e which minimizes P remains the same regard-
less of a/d. There is still one further conclusion to be drawn. If ¢ " Id Yle 
represents the value of ¢ necessary to reach the flexural capacity of the 
beam, one can derive the following expression purely from geometry: 
¢yield 
2 Lsf 
E (l-k )d 
s u 
(46) 
It is readily apparent that ¢ " Id is also independent of a/d. This implies Yle 
that depending on the value of L
sf ' ¢fail will be either greater or less than 
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~ . ld for all values of a/d. This means that if the model fails in shear-
Yle 
compression at a value of aid = 3, it will also fail in shear-compression at 
a value of a/ d 1000. In other words, the two curves shown in Fig. 24 
intersect at infinity instead of at some finite value of a/d. 
It should now be recalled that in Section 2.3 it is speculated that 
L f = L was probably a function of q. In view of Fig. 24, it appears that 
s cs 
Lsf is also a function of a/d. This finding does not invalidate the results 
of this study, but it does place restrictions on the range of aid for which 
these results have meaning. 
In Fig. 25 and 26, curves are plotted which are similar to Fig. 19. 
The only differences in these figures are the values of p. It is readily 
seen that the critical value of tan e is increased as p is increased. In 
order to take into account also the varying concrete strengths it was decided 
to determine the change in the critical value of tan e as q was varied. This 
curve is shown in Fig. 27 along with a curve of xh/d vs. tan e. This figure 
clearly shows that both the critical value of tan e and ~/d increase with 
an increase in q. 
There is a twofold explanation for this increase in the critical 
value of tan e. First, consider the effect of an increase in p which will 
increase q. The increase in p will shift the curve representing the load at 
failure of the compression zone upwards as can be seen by comparing Fig. 19, 
2~ and 26. The reason for this is that the added steel across the two cracks 
enables the beam to withstand greater loads for similar values of <P and 1)r. 
In addition to this, an increase in p will lower the load which initiates the 
inclined crack for a given value of tan e. This can be seen by comparing 
Fig. 19, 2~and 26. The main reason for this is that the quantity (l-k )d, 
u 
which represents the distance from the tension steel to the neutral axis, 
-33-
decreases as p increases. This effectively reduces the total force carried 
by the concrete threads. Since these threads contribute substantially to the 
moment resistance of the beam at this stage of the loading, the increase in p 
brings about a reduction in the load carrying capacity of the beam at inclined 
cracking. The reason that the model behaves in this peculiar fashion is due 
to the fact that the position of the neutral axis is fixed. Consequently 
the position of the neutral axis in the model at inclined cracking is not 
realistic. However, it should be observed that the decrease in the inclined 
cracking load due to an increase in p is much less than the increase in the 
failure load due to the same increase in p. 
Secondly consider what takes place in the model as f' is increased. 
c 
This h~s the effect of lowering q. In Fig. 28 curves are plotted which are 
similar to those in Fig. 25. The curves in Fig. 25 refer to a beam with 
f' = 3000 psi while those in Fig. 28 refer to a beam with f' 
c c 
5000 psi. It 
can be seen that an increase in f' raises the curve representing the load 
c 
causing failure of the compression zone. The increase is small since fT does 
c 
not raise the flexural capacity as rapidly as p. However, an increase in f' 
c 
greatly increases the inclined cracking load since this causes the total 
force carried by the concrete threads to be substantially increased. The 
increase stems not only from the greater value of fT, but also from the larger 
c 
value of the quantity (l-k )d. These effects can be seen clearly by comparing 
u 
Fig. 25 and 28. 
Therefore it can be concluded that an increase in p, a decrease 
in f' 
c' 
or both will not only increase q but will also cause the point of 
intersection of the curves representing the load at failure of the compression 
zone and the inclined cracking load to take place at a larger value of tan e. 
This increase in the critical value of tan e as q is increased is shown in 
Fig. 27. 
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The last item of significance is the determination of the variation 
of the failure load as p and fl are increased. In this case the effects of p 
c 
and f~ must be investigated separately. It can be seen in E~. 44 that Pfail 
depends on fl and p in such a fashion that those two ~uantities cannot be 
c 
combined so that only ~ appears in the e~uation. It was decided to plot 
Pfail vs. p for different values of f~ and a/d. The parameter aid is specified 
since the plots give values of load rather than moment. These curves are 
presented in Fig. 29 and 30. It can be seen tr~t the shear-compression load 
increases with p. The primary reason for this is the fact that as p is 
increased the flexural capacity of the beam is increased. 
3.3 Shear Failures Involving Beams with Vertical Stirrups 
In the case of beams with vertical stirrups failing in shear-
compression, curves showing the variation of load vs tan e can be constructed 
in order to detelTIline the failure load of the beam. Such curves are shown 
in Fig. 31 for varying amounts of stirrups. These curves are for the same 
beam shown in Fig. 19 and the curves with r = 0 are indeed a duplication of 
Fig. 19. In Figs. 32 and 33, similar curves are shown for different values 
of p. 
It can be seen from these curves that the presence of stirrups does 
not affect the inclined cracking load appreciably. However, stirrups con-
tribute greatly to the load acting on the beam at the time the compression 
zone fails. It is also apparent that when r is small, the minimum load is 
determined from the intersection of the curve representing the inclined 
cracking load and the curve representing the failure load. However, as the 
percentage of stirrups increases, it is possible for the failure load to be 
determined completely by the minimum point on the curve representing the 
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failure load of the beam. In this case the inclined cracking curve does not 
intersect the failure load curve until after the flexural capacity has been 
reached. This effect can be seen in Figs. 31, 32, and 33, for values of r 
e~ual to or exceeding 0.00167. 
Figure 34 shows the variation in the load-deflection curves as a 
function of r for the beam shown in Fig. 31. The curve marked r = 0 is 
identical with the curve shown in Fig. 20. It should be emphasized that the 
curves in Fig. 34 apply only for the inclined crack having a value of tan e = 2. 
Therefore these curves do not necessarily represent the minimum load-deflection 
curve for the particular value of r shown. The curve marked r = 00 represents 
a flexural failure of the beam. It is readily apparent that increasing r 
shifts the load-deflection curve from the one extreme where the beam has no 
stirrups to the other extreme where the beam fails in flexure without any 
opening of the inclined crack. It should also be noted that as r is increased, 
the instaoility associated with the model when the inclined crack opens is 
decreased. 
Figure 35 shows the load-deflection curves for the beam whose load 
vs tan e curve was presented earlier in Fig. 31. In Fig. 31, it can De seen 
that the minimum load occurs at a value of tan e = 1.25. Figure 35 shows the 
same thing except it does so in terms of load-deflection curves. Figure 35 
should be compared with Fig. 22 which shows similar curves for the same beam 
without stirrups. It should be pointed out that the effect of the stirrups is 
more predominant at larger values of tan e. This is due to the fact more 
stirrups cross the inclined crack at larger values of tan e. Of course for 
values of tan e greater than or e~ual to 2.75 the effect of stirrups is 
negligible in this particular beam since the inclined crack does not open. 
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The next step in this investigation was the determination of the 
variation of Pfail ) ¢fail) ~fail) and the critical value of tan e with respect 
to a/d. If a beam with vertical stirrups failing in shear compression is 
studied) the following equations can be derived: 
~fail 
Pfail 
A.E 
cuc 
A.E 
cuc 
L E tan B L f3* L L 
( ss ) .. _ ( y . )(r)(s)( ss sf ) L + L (l-k )d P d L + L 
ss sf u ss sf 
(l-k )2d K. f u s 
aid ¢fail + 
f bk (k +j-l) d 
cu u u 
aid 
The similarity between these equations and Eq. 42) 43) and 44 
(48) 
should be observed. In fact if L = xh and if r = 0) Eq. 47) 48 and 49 reduce ss 
identically toEq. 42) 43) and 44 respectively. The last term in each of the 
three equations above represents the contribution of the stirrups. 
As in the case of the beam without stirrups) the minimum value of 
Pfail occurs when ¢fail reaches its minimum value. However) in a beam with 
stirrups) ¢fail does not apporach zero as tan B is increased. This can be 
seen from an inspection of Eq. 48. Consequently) Pfail does not constantly 
decrease as tan B increases when stirrups are present. This fact is demon-
strated graphically in Fig. 32 and 33. 
Since the minimum value of Pfail in a beam with stirrups occurs at 
some finite value of tan B) it is possible for the minimum load on the beam 
to be determined completely from the curve representing the load on the beam 
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at failure of the compression zone. In this situation, the inclined cracking 
load curve will not intersect the failure load curve until after the flexural 
capacity of the beam has been reached. Under these circumstances, the 
critical value of tan e is a function of a/d. This can be seen by studying 
Eq. 49. 
It should be recalled that for a beam without stirrups, Wfail and 
~ were independent of a/d. Once these crack openings were known, the fail 
shear-compression moment was automatically determined independent of a/d. 
However, in the case of beams having stirrups, the previous arguments do not 
apply. For instance, unless r is very small or very large, (i.e., r < 0.33 r 
c 
or r > r ) the length of the steel link across the inclined crack, L depends 
c ss' 
on r which in turn depends on a/d. This implies that the stiffness of the 
c 
inclined crack is also a function of a/d. Consequently not only do Wfail and 
~fail depend upon aid, but also they automatically determine a shear-compression 
moment which depends on a/d. 
It should be noted that it is also possible to have the minimum load 
on the beam determined by the intersection of the inclined cracking load curve 
and the failure load curve. This happens with very low percentages of stirrups. 
When this situation. arises, the critical value of tan e becomes independent of 
a/d. This can be shown using the same arguments which were used for a beam 
without stirrups. 
Figures 36 and 37 show load vs tan e curves for the same beam shown 
in Fig. 23. The only difference in the beams is the percentage of vertical 
stirrups. In Fig. 36 it can be seen that for aid = 2 and aid = 3, the critical 
values of tan e were found from the intersections of the inclined cracking load 
curve and the failure load curve. As a result, the critical value of tan e is 
the same for both values of a/d. However, for aid = 4, the critical value of 
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tan e was determined solely from the failure load curve. Consequently, the 
critical value of tan e was changed. 
Figure 37 shows similar curves with an increased value of r. The 
minimum load on the beams having aid ratios of 2 and 3 was determined com-
pletely from the failure load curves. Hence the two beams have different 
critical values of tan e. The beam with aid 4 failed in flexure regardless 
of the value of tan e and consequently did not possess a critical value of 
tan e. 
At this point it has been shown that ~fail' *fail' and the critical 
value of tan e vary with both r and a/d. In order to determine the type of 
variation it is convenient to consider first the dependence of the critical 
value of tan e on r. In Fig. 31, 32, and'33 it is apparent that as r is 
increased, the critical value of tan e is decreased. Physically this means 
that as the percentage of stirrups is increased, the model beam is forced to 
have the critical crack become steeper so that fewer stirrups will cross the 
crack. Ultimately as the percentage of stirrups becomes quite large, the 
flexural crack becomes the weakest possible crack and the model fails in 
flexure without the opening of an inclined crack. 
Figures 38, 39, and 40 show the variation of the critical value of 
tan e with respect to r for different values of p and a/d. It should be 
observed that for small values of r, the critical value of tan e either remains 
the same as it did when no stirrups were present or rises slightly. This rise 
can be explained with reference to Fig. 32. As stated earlier, the presence 
of stirrups does not affect the inclined cracking load greatly. Furthermore, 
if r is sufficiently small, the stirrups cannot cause the failure load curve 
to regain stability before it is crossed by the curve representing the 
inclined cracking. By definition, if these curves cross, the point of 
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intersection determines the critical value of tan e. Since any value of r, 
regardless of how small, will raise the failure load curve slightly, this 
point of intersection will take place at a slightly greater load and a slightly 
larger value of tan e. It should be observed in Fig. 31, 32, and 33 that the 
percentage of stirrups necessary to cause this phenomenon is much lower than 
would actually be used in a practical situation. Moreover as r is increased 
to a value of 0.00167, which still represents a small percentage of stirrups, 
the failure load curve regains stability before it is intersected by the 
curve representing the inclined cracking load. Once this occurs the critical 
value of tan e decreases as r increases.1 
It is also apparent from Fig·.~ 38, 39, and 40 that for practical 
values of r, when the critical value of tan e becomes dependent upon aid, the 
critical value of tan e decreases when aid is increased. The reason for this 
stems from the fact that the difference between the flexural capacity of the 
model and the load the model can carry when no stirrups are present is much 
greater for smaller values of a/d. Physically this means that there is more 
work for the stirrups to do in attempting to reach the flexural capacity at 
smaller values of a/d. Conse~uently, the critical value of tan e tends to be 
larger for smaller values of aid since the presence of the stirrups does not 
increase sufficiently the relative stiffness of the inclined crack for smaller 
values of a/d. The reason for this is the fact that the critical percentage 
of stirrups, r , decreases as aid increases. 
c 
As it was stated earlier, ¢fail and *fail also vary with both r 
and a/d. Referring to Fig:. 41, 42, and 43 it is apparent that ¢fail increases 
and * decreases if either r or aid is increased. The reasons for these fail 
trends are essentially the same as those mentioned earlier in conjunction with 
the critical value of tan e. The line on these figures which is marked ¢ y 
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represents the value that ¢fail must obtain in order to reach the flexural 
capacity of the beam. Any value of ¢f "1 greater than ¢ implies that the 
al y 
flexural capacity of the beam is reached. 
These curves show that as r is increased, the stiffness of the 
inclined crack becomes relatively greater than the stiffness of the flexural 
crack. This results in most of the rotation being concentrated in the flexural 
crack rather than in the inclined crack. Also since there is less work required 
from the stirrups at higher values of aid, for a given value-'of r it becomes 
easier to reach the flexural capacity of the beam at higher values of a/d. 
This is well illustrated by Fig. 44. Also it should be pointed out that when 
the flexural capacity is reached, the steel link across the flexural crack 
yields. Once yielding of this link occurs, the flexural crack becomes quite 
flexible with respect to the inclined crack. This accounts for the rapid 
build-up in ¢fail when the flexural capacity of the beam is first realized. 
Of course, the main function of stirrups is to provide a greater 
load carrying capacity for beams which would ordinarily fail at low loads due 
to the presence of inclined cracks. Referring to the model, if all of the 
rotation could be concentrated in the flexural crack, the model would fail in 
flexure. However, the rotation is usually divided in some fashion between 
the flexural crack and the inclined crack. The advantage of the stirrups 
stems from the fact that they stiffen the inclined crack with respect to the 
flexural crack. This forces the rotation to become concentrated in the more 
flexible flexural crack, thus causing the steel to yield and the model to 
reach its flexural capacity. 
Figure 45 shows the variation of load carrying capacity with respect 
to r for a moderately reinforced beam. It is apparent from the figure that the 
load does increase as r increases until the flexural capacity of the beam is 
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reached. The dotted line in Fig. 45 represents the curve proposed by the 
American Concrete Institute. Figure 47 shows similar curves for a higher 
value of p. 
Figures 46 and 48 demonstrate how the curves in Figs. 45 and 47 
respectively depend also upon the critical value of tan e which is also a 
function of r as was shown in Figs. 38, 39, and 40. In Fig. 48, it is 
apparent that smaller values of tan e become more critical at higher values 
of r. In other words, the effect of a fixed percentage of stirrups in re-
straining the opening of an inclined crack becomes less as tan e decreases. 
Obviously this is due to the fact that fewer stirrups cross the inclined 
crack as tan e is decreased. This implies that if a beam cannot reach its 
flexural capacity at small values of tan e when no stirrups are present, the 
percentage of stirrups needed in order to reach the flexural capacity must be 
quite large. Moreover the effectiveness of the stirrups begins to decrease 
at high values of r. This can be seen easily in Fig. 47 which merely repre-
sents the lower bound of all the curves shown in Fig. 48. 
It should be mentioned that although the figures and the discussion 
presented in this section pertain specifically to beams having vertical 
stirrups, the general conclusions are valid for any beam having stirrups, 
regardless of their inclination. However, there are important differences 
which arise when the stirrups are inclined. These differences in the behavior 
of the model when the stirrups are no longer vertical are the subject of the 
next section of this report. 
3.4 Shear Failures Involving Beams with Inclined Stirrups 
In order to compare the results obtained at various inclinations of 
the stirrups, it was necessary to keep the percentage of stirrups a constant. 
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The percentage of stirrups, which is based on the total volume of stirrups in 
the beam, is defined as follows: 
A 
v 
bs sin I 
Now in order to change I and keep r a constant it is necessary to change either 
A or s. It was decided to change s instead of A since in practical situa-
v v 
tions stirrupp only exist in discrete sizes. Therefore for the dimensions 
assumed for the model an r of 0.00167 can be associated with a No. 2 U-stirrup, 
an r of 0.00333 with a No.3 U-stirrup, and an r of 0.00667 with a No. 4 
U-stirrup. However, it should be kept in mind that a change in I automatically 
implies a change in s. 
In Fig. 49 a load-deflection curve is shown for a beam having 
vertical stirrups. Figure 50, which is discussed in conjunction with Fig. 49, 
shows the division of shear carrying capacity between the stirrups and the 
concrete compression zone for the same beam shown in Fig. 49. In Fig. 50 
curves are plotted which show the variation in the shear carried by the 
stirrups and the shear carried by the compression zone with respect to the 
total shear on the beam. The individual shear carried by either the stirrups 
or the compression zone will be referred to hereafter as a partial shear. The 
o 
solid line inclined at 45 represents the total load on the beam plotted 
against itself. It also represents an upper bound on both the shear carried 
by the stirrups and the shear carried by the compression zone. 
It should be pointed out that Point A on the curve in Fig. 49 
represents the initiation of inclined cracking. Once inclined cracking begins, 
the load drops immediately to Point B assuming the beam maintains a constant 
deflection. Point C represents yielding of the compression spring while 
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Point D represents failure of the compression spring. It should be pointed 
out that the Fbints A, B, C, and D in Fig. 50 refer to the corresponding stages 
of loading shown in Fig. 49 since both figures refer to the same beam. 
From Fig. 50 it can be seen that up to the initiation of inclined 
cracking, most of the load is carried by the concrete compression zone. As 
the load drops to P~int B in Fig. 49, the stirrups begin to pick up load while 
the concrete compression zone carries less load. Now, as the load builds 
back up, both the stirrups and the compression zone pick up load. As the 
total load increases, a point is usually reached (between Faints C and D for 
the beam shown in Fig. 50) when all the stirrups have yielded. Once this has 
occurred, any remaining load must be carried by a greater shearing force acting 
on the concrete compression zone. Point D represents the division of load 
carrying capacity between ·the stirrups and the compression zone at failure of 
the beam. 
Figures 51 and 53 show the variation in the failure load of the 
beam as the inclination of the stirrups is changed. It should be observed 
that the greatest variation occurs for the beams shown in Fig. 51. The reason 
for this fact is that a given percentage of stirrups plays a more significant 
role in restraining the opening of an inclined crack if the percentage of 
longitudinal steel is low. The rip ratio gives the relative contribution of 
the stirrups and the longitudinal steel to the stiffness of the inclined 
crack. As rip increases, the effect of changes in the stirrup inclination 
causes greater varia~ion in the failure load of the beam. Figures 51 and 53 
also show the variation in the flexural capacity of the beam as the stirrup 
inclination is changed. 
Figures 52 and 54 which correspond to Fig. 51 and 53, respectively, 
show how the division of shear carrying capacity. between the stirrups and the 
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compression zone at failure of the beam is affected by changes in the inclina-
tion of the stirrups. It can be seen that a change in ') the inclination of 
the stirrups, has a much greater effect on the partial shears carried by the 
compression zone and the stirrups at failure than it does on the total load 
carried by the beam. The curve marked VACI in Fig. 52 and 54 represents. the 
contribution of the stirrups in the "modified truss analogy" which is currently 
"* recommended by the American Concrete Institute (1) for design. The e~uation 
of this curve is: 
VACI = bdrfy sin ,(sin, + COSy) 
It should be observed that this e~uation is independent of aid whereas the 
model shows a dependence of VI on a/d. This dependence arises from the fact 
that the critical value of tan e increases when aid decreases. Conse~uently) 
more stirrups cross the critical crack when aid is small. 
It should further be observed that the partial shear carried by the 
concrete compression zone varies with the angle of inclination of the stirrups. 
This trend is in complete contrast with the recommendation of the American 
Concrete'Institute (1) which is as follow~ 
(Vconc)ACI 
The ~uantity ViM is the ratio of shear to moment in a beam at the 
section under consideration. In fact for the beam considered in this study) 
(M/Vd) = Ca/ d) . However. (V ) J obviously is assumed to be independent 
-' conc ACI 
of ,. 
Figure 55 shows a portion of the model beam. It should be observed 
that a.n inclined stirrup crosses an arbitrary inclined crack at Point B. The 
* Numbers in parentheses refer to the listing bf ther partiC1u:lar'referend.e. in' :the 
Li's't,~of~'R~f~rences . 
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distance x can be expressed in terms of s, I, and a as follows: 
x ( tan I tan a ~) s I + tan I tan 
Now if the inclined crack opens an amount 6~J then the elongation of the 
stirrup, 5L, can be expressed as: 
6L Y 5~ cos(/-e) 
Observing that y x/sina, Eq. 54 can be rewritten as follows: 
Equation 55 shows that for a given angle of opening, the elongation of the 
(54) 
stirrup is independent of the slope of the inclined crack. Moreover, if one 
defines the stiffness of the stirrup as F/5~, the contribution of this stirrup 
to the stiffness of the inclined crack can be stated as: 
F 
5~ 
This stirrup would also impart the same amount of stiffness to any other 
inclined crack if ~ remained constant. 
sw 
With this in mind, it is now possible to discuss the change in the 
critical value of tan a with respect to I. As I is decreased, the stiffness 
of the inclined crack is reduced. This tends to cause the value of tan a to 
increase as I is decreased. However, there is an opposing force. As I is 
decreased, more stirrups can cross the inclined crack which in turn increases 
the stiffness of the inclined crack and causes the value of tan a to decrease. 
The physical explanation is that the critical inclined crack tries to form in 
such a location as to make its stiffness as small as possible. Of course, 
there is a limit to the amount of change in tan e that can be obtained merely 
by altering the inclination of the stirrups at a constant value of r. 
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Curves are presented in Fig. 56 and 58 which demonstrate the 
variation in tan e with respect to ,. Also, Fig. 57 and 59 are included, 
which show the variation in the number of stirrups crossing the critical 
inclined crack as a function of '0 Figures 56 and 58 should be studied along 
with Fig. 57 and 59, respectively, in order to evaluate fully the changes in 
tan e associa ted with changes .in , . In Fig. 56 and 57, curves are not presented 
for aid = 4 since these beams all failed at their flexural capacity. 
Figure 60 shows how the failure load varies with I for various values 
of r. It can be seen that for small values of r, the inclination of the 
stirrups makes little, if any, difference. This means that at these small 
values of r, the stirrups are not contributing greatly to the stiffness of· the 
inclined crack. However, as r increases, the stirrups playa major role in 
stiffening the inclined crack and hence the failure load becomes dependent 
upon '0 
At this point it should be noted that the way to increase the shear-
compression capacity of the beam is to increase the stiffness of the inclined 
crack. It has been seen that this can be accomplished by increasing , and by 
increasing the number of stirrups crossing the critical inclined crack. 
Further it should be realized that these two things can not be done independent-
ly at a constant value of r. In fact, there is one more complicating factor 
which occurs when I is changed. When, is changed, the value of the critical 
percentage of stirrups is changed also (i.e. see E~. 40). Since the length of 
the horizontal steel link across the inclined crack is affected by changes in 
so also is the stiffness of the inclined crack. As a result, there are 
three factors affecting the optimum inclination of the stirrups and no one 
value of I can be singled out as being superior in all situations. This fact 
becomes apparent upon observation of Fig. 60 and 62. 
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Figures 61 and 63 show the variation in the shear carried by the 
compression zone and the shear carried by the stirrups as a function of /. 
These curves refer to the same beams shown in Fig. 60 and 62 respectively. 
The shear carried by the stirrups reflects the trends discussed in the 
previous paragraph. It should be remembered that as r is increased the 
critical value of tan e can be reduced so that fewer stirrups cross the crack. 
This is shown in Fig. 64. Therefore it is possible at large values of r to 
reduce the number of stirrups crossing the inclined crack sufficiently to 
cause a reduction in the total shear carried by the stirrups. This effect can 
be seen in Fig. 61 for a value of / = 45 0 . 
Figures 61 and 63 also show that the shear carried by the compression 
zone varies with both rand /. It should be observed that for small values of 
r the compression zone carries less shear than it did when there were no 
stirrups present. However, as r is increased, the shear carried by the com-
pression zone at failure increases until it exceeds the shear it would carry 
without stirrups. This observation is quite different from most design methods 
which assume that the shear carried by the concrete is independent of rand /. 
In this study, the shear carried by the compression zone is obtained by sub~ 
tracting the shear carried by the stirrups from the total load. It is assumed 
that the compression zone can carry this shear. It is interesting to note 
that the shear carried by the concrete compression zone never greatly exceeds 
the shear carrying capacity of the beam without stirrups. 
Figures 65 and 66 demonstrate the manner in which the curves shown 
in Fig. 45 and 47 vary with /. It should be noted that in Fig. 65, the flexural 
capacity is also a function of rand /. These figures clearly emphasize the 
point that the most efficient inclination of stirrups depends on the critical 
value of tan e, which in turn depends on r. As has been stated before, these 
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three ~uantities are interrelated and their effect on the load carrying 
capacity of the model can be significant. 
Figure 67 shows the effect of p, r, and I on the minimum load 
carried by the beam. It should be recalled that for beams without stirrups, 
as p was increased, the capacity of the beam also was increased. In the cas(e 
of the beam without stirrups, this change in p did not greatly change the 
relative stiffneSS between the two cracks because once the concrete threads 
had broken, the steel links were the only factors contributing to the stiff-
ness. The only reason the relative stiffnesses were changed at all was due 
to the fact that a change in p was associated with a change in the length of 
the steel links. Conse~uently, although the value of ¢ at failure of the beam 
slightly increases as p increases, the main reason the failure load of the 
beam increases with p is due to the fact that the flexural capacity of the 
beam is increased while the relative stiffness between the two cracks remains 
about the same. 
Now as r is increased, the stiffness of the inclined crack becomes 
dependent upon both p and r. Conse~uently at large values of r, an increase 
in p may contribute greatly to the stiffness of the vertical crack, but very 
little to the stiffness of the inclined crack. This has the effect of 
weakening the inclined crack relative to the vertical crack. Therefore under 
certain conditions of rand p it is possible to increase the load carried by 
the beam by decreasing the percentage of longitudinal steel. This can be 
observed in Fig. 67 for a value of r = 0.00333 and values of p = 0.020 and 
0.025. However, it can be seen that with an r = 0.00500, the beam carrying 
the greatest load corresponds to the highest value of p. This would not be 
true if the beam with a value of p = 0.020 had not reached its flexural 
capaci ty. 
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Figure 68 shows the variation in the failure load carried by the 
beam as a function of r) /') and f'. It is apparent that an increase in f! 
c c 
results in an increase in the load carrying capacity of the beam regardless 
of the value of r. This effect should be expected since an increase in f' 
c 
also increases the flexural capacity of the beam. 
At this point it becomes desirable to compare the trends discussed 
in this chapter with the results obtained from experimental investigations. 
This will be the subject of Chapter 4. 
4. COMPARISON OF MODEL RESPONSE 
WITH OBSERVED BEAM BEllA. VIOR 
4.1 The Principle of Superposition 
In nearly all of the work of the past 60 years, the strength of a 
reinforced concrete beam failing in shear has been based on the principle of 
superposition. It is assumed that the shear force can be transferred across 
the critical inclined crack by three independent nrechanisms. The first of 
these mechanisms is the concrete compression zone which can transfer a shear 
force through its ability to carry shearing stresses after the formation of 
the inclined crack. The second mechanism is the stirrup which can transfer a 
shear force by virtue of its ability to carry tensile forces. Finally, the 
third mechanism is the longitudinal steel which can transfer a shear force 
through its doweling action. As a result, the shearing strength of a reinforced 
concrete beam can be expressed as follows: 
where v = 
u 
V = 
conc 
Vd 
VI 
v 
u 
shearing strength of beam 
shear carried by compression zone 
shear carried by doweling action 
shear carried by stirrups 
Naturally Eq. 57 is not very useful unless the quantities V ,Vd , conc 
and VI are known. Consequently a large number of experimental investigations 
have been conducted in order to determine these quantities. Since these 
investigations had many different intents and origins, they have produced not 
only differences in opinion, but also they have resulted in seeming contra-
dictions.", In>this chapter an attempt will be made to summarize the more 
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important conclusions which are based on experimental results and to analyze 
#J 
them in terms of the response of the theoretical model. 
4.2 Beam Strength Related to Compression Flange Distress 
The early investigations of the shear carrying capacity of stirrups 
yielded the well known and widely used truss analogy. In a strict interpre-
tation of this idea, the stirrups act as tension struts of a truss and are 
responsible for all the shear acting on the beam. Since this method is well 
known, the derivation is not presented in this thesis. A general treatment of 
the truss analogy can be found in Ref. 6. The final result can be expressed 
as: 
v = rbd f (siny cote + COsy) siny 
u y 
As investigations continued it was learned that Eq. 58 did not 
account for the entire shear capacity of the beam. It was decided that the 
compression zone, which acts as the top chord of the analogous truss, can 
carry some shear which is usually designated as V 
conc 
Therefore the modified 
truss analogy which is still in current use can be expressed as: 
V = V + rbd f (siny cote + COSy) siny 
u conc y 
Thus, the concept of superposition discussed in Section .. 4.1came into being. 
However, this superposition is not strictly correct. Referring to Fig. 69, 
it is possible to canpute the number of stirrups crossing the:Lnclined crack. 
Then by summing the vertical forces, one obtains: 
V = V + rbd f (l-k)(siny cote + COSy) siny 
u conc y (60) 
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It should be observed that this differs from Eq. 59 by a factor (l-k) in the 
term giving the contribution of the stirrups. It should also be emphasized 
that the shear carrying capacity of the stirrups depends upon the slope of 
the critical inclined crack. If it is assumed that e = 450 , as is often done, 
it can be shown that the maximum contribution of the stirrups will occur when 
As investigations of the shear failu~e of concrete beams continued, 
the shear-compression idea was born (5). In this situation the stirrups were 
handled in a slightly different manner as can be seen with the aid of Fig. 69. 
In this figure, F represents the total tension force in all the stirrups 
crossing the inclined crack. If it is assumed that all the stirrups crossing 
the inclined crack reach their yield stress, then from geometry it can be 
shown that: 
F = (l-k) dbrf sin l(cote + cotl) y 
The moment of all the forces about ~oint A yields the following expression 
for V : 
u 
v 
u 
1(1_k)2d2 2 C(jd/a) + L2a brfy(sin l)(cote + cotl)(tane 
(61) 
(62) 
For the purposes of comparison with the truss analogy Eq. 62 can be simplified 
o for the case where e = 45 as shown below: 
v 
u 
An expression very similar to Eq. 63 was presented by Laupa in 
Ref. 5. It should be noticed that the solution is approximate in the sense 
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that it is assumed that the centro,id of the stirrup force acts at the midpoint 
of the inclined crack. At this point, Laupa observed that stirrups can either 
add or subtract from the shear capacity of the beam. Further, by examining 
Eq. 63 it appears that the optimum angle of stirrup inclination should be 
From the results of the model study which incorporates the shear-
comprespion theory, it was found that stirrups contribute to the shear capacity 
of the beam regardless of the angle ,. Further upon examining the origin of 
Eq. 60 and: 63 it is apparent that they are both static relations obtained from 
Fig. 69. Equation 60 was obtained from the vertical equilibrium of forces 
while Eq. 63 was obtained from equilibrium of moments about Point A. Conse-
quently the value of V must be the same regardless of whether Eq. 60 or 
u 
Eq. 63 is used. Therefore it is inconsistent to imply that two different 
optimum values of , exist in this situation. 
It is easy to misinterpret Eq. 63 if one assumes that the entire 
contribution of the stirrups has been isolated in the last term of that 
expression. It must be recalled that the following relation applies only to 
beams without stirrups: 
V 
u 
jd 
= C -::= V 
a conc 
The derivation of Eq. 64 is obtained with the aid of Fig. 69 by neglecting 
the stirrups. Similarly when one considers stirrups the following general 
relation is found: 
V 
conc 
(64) 
Equation 65 shows that the relationship between C and V depends upon both 
conc 
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rand y. In other words, statics alone is not sufficient to determine the 
optimum value of y. To continue the solution it is necessary to define a 
failure criterion. 
First, consider the diagonal tension failure. It is assumed that 
the shear carried by the compression zone has some limiting value. The usual 
procedure for determining this limiting value of V has been based upon 
conc 
tests of beams without stirrups. This is the way in which Eq. 52 was obtained. 
The implied assumption in this procedure is that the beam without stirrups 
fails solely because the shear stress acting on the compression zone exceeded 
an allowable limit. Therefore V is independent of any stirrup properties 
conc 
such as r, s, or y. 
In this case it can be seen with the aid of Eq. 65 that C is a 
function of the stirrup properties. Therefore when e = 450 , Eq. 60 verifies 
the fact that the optimum inclination of stirmups is 67.50 . 
Now consider a shear-compression failure. It is assumed that the 
same crack exists as did in the diagonal tension failure and further that 
k < k. It is also assumed that V might have a limiting value but that 
u conc 
this value is too high to be of much consequence. With the aid of Fig. 70b 
it can be seen that stirrups can cause both a shear force and a compression 
force to occur in the portion of the beam beneath the crack. In this particular 
criterion, failure occurs because in a beam without stirrups the free body in 
Fig. 70b cannot have a compressive force C' . Since k < k the total compressive 
u 
force, CT = C + C!, cannot develop the yield stress of the tensile reinforce-
ment. Therefore a premature failure occurs. Now stirrups tend to restore 
the entire flexural compression zone so that the strength of the reinforcement 
can be developed. 
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The magnitude of the compressive force, C', which can be carried 
beneath the inclined crack is a function of j", The value of C' is greatest 
o 0 
when I ~ 90. The value of C' decreases as y is decreased until y = 45 . At 
this point C' has been reduced to zero. However, ~ still exists. Conse-
quently the force C must increase. However, C cannot increase because it has 
reached its maximum value over an area kbd. The only thing that can happen 
is for k to increase. In other words the stirrups restrain the height of the 
inclined crack, Obviously V also increases and therefore stirrups inclined 
u 
at 450 do increase the shear capacity of the beam. Laupa examined Eq. 65 
without considering a failure criterion (5). Then by assuming that C is a 
constant, which it cannot be, he conclud~d stirrups inclined at 450 do not 
add to the shear capacity. Throughout this argument it has been assumed that 
o e = 45 . 
It should be observed that the value of I necessary to maximum ~ 
is a complicated expression depending on the location of the force ct. It 
should be emphasized that in this case the optimum value of y is very 
sensitive to the location of the stirrups. 
The analytical model is based upon the shear-compression idea so 
that failure is due to concentrated strains in the compression zone. It is 
interesting to recall how Y affects the solution. In the model the optimum 
load corresponds to the value of y which best restrains the opening of the 
inclined crack. This was discussed in Sect. 3.4. The contribution of a 
stirrup to the stiffness of the inclined crack is given by Eq. 56. However, 
in order to maintain a constant r in the analytical model solution, 
s = 6.0/sinY. Therefore the stirrups contribute a constant stiffness to the 
inclined crack regardless of y. As a result the stiffness of the inclined 
crack with respect to the stirrups increases as more stirrups cross the crack. 
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Thus it appears that the most efficient value of / is the one causing the most 
stirrups to cross the crack. This is not true since it should be recalled 
that the length of the link representing the longitudinal steel crossing the 
inclined crack depends on /. This link increases in length as / decreases as 
can be seen by referring to Eq. 40 and Fig. 7. As a result the optimum value 
of / depends on many factors. From the results of the analytical solutions 
the optimum value of I usually ranges between 600 and 900 . There appears to 
be a slight loss of efficiency when stirrups are placed at 450 in the 
analytical solutions. 
In view of this study it seems somewhat difficult to justify a 
o 20 percent increase in shear capacity of the stirrups when / = 67.5 as 
recommended by the ACI (1). In fact) since it is much'simpler to place 
stirrups at 900 in practical situations) it seems unwise to tempt designers to 
incline stirrups by indicating a rather dubious increase in efficiency as is 
done in Ref. 1. 
4.3. Beam Strength Related to Web Distress 
This section is devoted to another failure criterion. This approach 
discussed by Mattock and Kaar (2) is similar to the truss analogy in that it 
assumes that the concrete between the inclined cracks acts like a compression 
strut. However) the compression strut is subjected to both a compressive force 
N and a moment M. The idea is illustrated in Fig. 71. Failure takes place by 
crushing of the concrete in the strut at Point A due to combined. axial load 
and bending. This type of failure is of primary concern in beams which tend to 
have narrow webs. In fact it was the results of tests on I-beams that led 
Mattock and Kaar to develop this theory. However) the equations which will be 
presented in this section are those of the writer and cannot be found in Ref. 2. 
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A sketch of the forces acting on the compressive strut are shown in 
Fig. 71. Mattock and Kaar observed that in order to develop a given magnitude 
of ~T, the compression strut can carry a greater force, N, if the shear force, 
S, acting on top of the strut is reduced. In fact, the function of the stirrups 
is to reduce this shear force. By taking equilibrium of forces and moments 
acting on the strut, the following three equations can be obtained: 
S cosB + N sinB + F cos; ~T (66) 
N cosB S sinB + F sin), 
M SL (68) 
In these equations F represents the stirrup force. Unfortunately, statics 
alone will not produce the desired result. A failure criterion is needed. In 
fact what is needed is an interaction relationship between axial load and 
moment for the strut. 
However J for the moment let:! s assume that the stress distribution 
acting on the strut is linearly distributed across the width. Further, it is 
assumed that failure occurs when the stress at Point A reaches some limiting 
value (i.e. ° = 0L). In this case it is possible to use the familiar expression 
below: 
N SL(b6X!2) 
b6X + (1/12) b(6X)3 
In order to solve this problem, one further expression is needed. It can be 
shown that V can be expressed in terms of ~T in the following way: 
u 
jd cosB 
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To simplifY the algebra in the solution of the above 5 equations it is assumed 
o that e = 45. For this case the solution becomes: 
v 
u 
aL b j d F j d [L -1"2 ] 
--6-L + /SA + 6L 3 J2 (/SA) (cos)' + sin)') -~ (sin)' - cos)') 
1 + tsX. 
Before discussing Eq. 71, it is best to gain more insight into the 
problem. This can best be done by examining Fig. 72. The discussion at this 
point will be of a qualitative nature only. Figure 72a shows an interaction 
diagram for the compressive strut shown in Fig. 71. Since M = SL,by dividing 
the abscissas of the interaction diagram by L it is possible to obtain an 
interaction curve between axial load and shear. This is represented by the 
broken curve in Fig. 72a. 
Figure 72b illustrates the polygon of forces necessary to develop a 
certain required force, 6T. The directions of all the forces are known. Also 
the interaction curve for the compressive strut is known and placed on the 
polygon of forces. Finally one can juggle the two remaining forces, F and S, 
within the boundaries prescribed by the interaction curve in order to close the 
polygon. The optimum choice of stirrups is shown by the force F3. With this 
inclination of stirrups, maximum use is made of the shear capacity of the 
strut. It should be noticed on the figure that vertical stirrups cannot 
develop 6T regardless of how large a value of A is provided in this case. 
v 
The 'uncertain quantity in this procedure as well as in Eq. 71 is 
the magnitude of tsX.. The spacing of the cracks determines the bending 
resistance of the struts. If the cracks are spaced closely together the 
quantity x in Fig. 72a becomes very small. This means that in order to 
develop 6T, the concrete contributes little or nothing. The stirrups alone 
develop 6T. Equation 71 tells essentially the same story. As tsX. approaches 
zero, 
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the stirrups are the only elements contributing to,V . 
u 
Also in Eq. 71, 
which applies to a value of e = 45°, the most efficient use of stirrups appears 
° to be when the angle of inclination of the stirrups is equal to 45. This is 
not true since the quantity F is not expressed in te~s of r. If this is 
done it can be shown that the optimum value of 7 depends on L and ~. 
4.4 The Effect of aid and r 
In Sections 4.2 and 4.3 it has always been assumed for convenience 
that e = 45°. In fact this is what has usually been done in the past in order 
to develop shear theories. The effect of values of e other than 45° is seldom 
given much consideration. However, in the analytical solutions presented in 
this thesis it has been found that the value of e is quite sensitive to r. 
Also when the beam has stirrups it has been found that e depends upon ald. It 
was found that the critical value of e is reduced by an increase in either r, 
aid, or both. Therefore in this section of the thesis an attempt will be made 
to see if this trend of the model can be substantiated by test results. 
\ 
Before presenting this material, it should be recalled that in the analytical 
model without stirrups the critical value of e lay between 56.20 and 71.50 
while the value of xhld lay between 1.35 and 1.57. By adding stirrups and 
increasing aid it was possible to reduce both eand xh/d to zero. 
The effect of aid on the value of e has been reported by several 
investigators. MacGregor (3) stated that the horizontal projection of the 
inclined crack increased as aid increased. Later Hawkins (4) ~'studying his 
data and that of MacGregor (3) and Sozen (11) concluded that while there did 
exist a slight tendency for e to increase as aid increased, the trend was too 
small to be significant in comparison with the experimental scatter. The 
conclusion reached from these tests of prestressed concrete beams was that the 
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contribution of the stirrups did not depend on a/d. However, Mattock and 
Kaar (2) found from their tests of prestressed concrete beams that "the 
increment of shear strength due to stirrups continues to decrease as the shear 
span becomes larger." This would seem to indicate a reduction in the hori-
zontal projection of the inclined crack, x , so that fewer stirrups were 
h 
effective in resisting the shear. 
Since the analytical model is based on an ordinary reinforced con-
crete beam rather than a prestressed beam, it is interesting to know what 
trends were found between e and a/d in the investigations of ordinary 
reinforced concrete beams. Krefeld and Thurston (12) reported values of xh 
for various values of a/d in 76 beams without stirrups. The found no correla-
tion between these two parameters. It should be recalled that in the 
analytical model, the value of xh does not depend on a/d when r O. This has 
been previously discussed. It does show a slight dependence on p and f~, 
however. The experimental scatter in the tests of Krefeld and Thruston tends 
to indicate that there exists no relationship between ~ and a/d in beams 
without stirrups. Unfortunately they failed to record values of ~ in the 
beams containing stirrups. 
Morrow and Viest (14) also reported on the variation of xh with 
respect to a/d for beams without stirrups. They reported a continuous increase 
in xh as a/d was increased. The curve substantiating this finding is found on 
page 852 of Ref. 14. Up to a shear span of a/d = 3, there does appear to be 
an increase in xh with a, a trend which may be attributed to the restraint 
offered by the reaction. However, the data presented for shear spans greater 
than a/d = 3 provide no conclusive evidence that this trend continues. 
Very few observations have been made of the variation of xh with 
respect to a/d for beams with stirrups in ordinary reinforced concrete beams. 
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However, Bresler and Scordelis (13) present drawings of the crack patterns of 
the beams·the,rtested both with and without web reinforcement. It is hard to 
draw quantitative conclusions, but certain trends can be mentioned. The 
critical crack in the beams without stirrups is associated with horizontal 
splitting along the longitudinal steel. The value of xh appears to increase 
with respect to a/d. This is probably due to dowel action of the longitudinal 
steel and will be discussed further in Section 4.7. In the beams with 
stirrups, the effect of a/d was obscured. It appeared that there was no great 
tendency for xh to either increase or decrease with respect to an increase in 
a/d from 4 to 5. However, the reason is probably due to the fact that p was 
also increased as a/d was increased. Therefore these results cannot be 
compared directly with the solutions obtained with the analytical model since 
the value of p in the model remained constant as a/d was increased. An 
increase in p tends to offset the increase in a/d since the increase in p 
raises the flexural capacity of the beam. At values of a/d = 7, however, 
the cracks in the beams were for the most part vertical when stirrups were 
used. 
Similarly, very little data exists on the ability of the stirrups to 
reduce the horizontal projection of the inclined crack. One indication of 
the effect of r is afforded by the investigation of N. H. Burns (10). Burns 
was not studying shear failures as such. Consequently his beams were adequately 
reinforced with No. 3 closed rectangular stirrups at 6-in. spacing in order to 
avoid shear failures. Fortunately in one series of tests he decided to see 
what effect a reduction in r would have on his results. Therefore he tested 
four beams with No. 2 closed rectangular stirrups at 6-in. spacing. The 
results of this change were four shear failures. He also stated the following 
significant observation, '~n important difference which should be noticed is 
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that in these beams the crack along which the shearing movement occurred is 
more nearly vertical than is the case for usual shear failures. It This finding 
is in complete accord with the model which demonstrated that an increase in r 
tends to reduce xh until r becomes large enough to force a flexural failure. 
The result of this phenomenon Burns found was that IIFewer stirrups 
are actually effective in carrying shear than usually assumed ... in the truss 
analogy. it This same loss of efficiency as the percentage of stirrups was 
increased was also observed by Hognestad and Elstner (15). It is interesting 
to note that this phenomenon is predicted by the model and has previously been 
discussed in Chapter 3 in conjunction with Fig. 47 and 48. 
The crack patterns sketched by Bresler and Scordelis also give some 
indication of the effect of r on xho The patterns show a definite reduction 
in xh for beams with stirrups as compared with similar beams without stirrups. 
Unfortunately in comparing beams with values of r different from zero, the 
trend is obscured. One reason for this can be attributed to the relatively 
large differences in p between otherwise similar beams. when stirrups were used. 
It is worthwhile at this time to summarize the conclusions which can 
be drawn from the experimental investigations. First, the available data on 
the effect of aid on xh for beams with stirrups is provided by tests of pre-
stressed concrete beams. These results are conflicting but the over-all 
conclusion in view of the experimental scatter is that the horizontal projection 
of the inclined crack is not affected by the aid ratio as is predicted by the 
model. However, in the beams tested, increases in aid are usually associated 
with increases in p. Very few measurements of this phenomenon were taken in 
ordinary reinforced concrete beams with stirrups. On the other hand in tests 
of beams without stirrups the experimental scatter is too large to warrant a 
meaningful conclusion at this time. The results of the effect of r on ~ 
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are limited but they seem to indicate a definite reduction in ~ when r is 
increased. 
4.5 Forces in the Stirrups 
It is pertinent to compare the available data on stirrup strains 
with the strains indicated by the model. It should be recalled that in the 
three theories advanced in Section 4.2 and 4.3, it is assumed that all 
stirrups crossing the critical inclined crack are c~pable of developing their 
yield stress. It was further found that in the analytical model, a beam 
failing in shear-compression would develop the yield stress in all stirrups 
crossing the critical inclined crack. Actual measurements of stirrups such as 
reported in Ref. 2 and 18 show that stirrups crossing the critical inclined 
crack do yield before failure occurs. 
While the above comparison is essential, it is also interesting to 
observe how the build-up in stirrup forces in the analytical model compares 
with actual stirrup strain measurements. One such curve showing the build-up 
of stirrup forces in the model has already been presented in Fig. 50. 
In Fig. 73 and 74 additional curves are presented showing the 
build-up of forces in the analytical model. The beam in Fig. 73 has vertical 
stirrups while the beam in Fig. 74 has stirrups inclined in 45 0 • Other than 
this difference, the beams are identical. Since the beam in Fig. 74 has 
inclined stirrups, two curves are presented for the stirrup forces. One is 
the actual total force in the stirrups which would be obtained in a laboratory 
test. The other curve represents the total shear carried by the stirrups and 
is simply the vertical component of the total force curve. 
In Fig. 73 and 74 it is apparent that once the inclined crack opens 
there is a large redistribution of internal forces. The stirrups, which had 
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been contributing very little to the strength of the beam before inclined 
cracking, suddenly begin to pick up load. On the other hand, the concrete is 
relieved of the large shear it was carrying before inclined cracking. This 
loss of shear carried by the concrete occurs because of the sudden decrease in 
load exhibited by the model at inclined cracking. 
When the crack opening has stabilized, that is to .say when the load 
has built back up to the magnitude it had when the crack first opened, the 
total stirrup force is nearly at its yield point. Certainly, the stirrups 
crossing the inclined crack which are farthest from the hinge at A (Fig. 1) 
have yielded. It is interesting to note that Mattock and Kaar (2) found in 
their investigations that the stirrups were only lightly stressed until 
inclined tension cracks opened. They further observed that "those stirrups 
which were located well within the region of diagonal tension cracking yielded 
almost immediately on fonnation of the diagonal tension cracks." Bruce (18) 
also observed that in beams with vertical stirrups, .the stirrups were not 
greatly stressed until diagonal tension cracks appeared. Only a few of his 
stirrups yielded immediately upon diagonal cracking but they did show a sudden 
rapid build-up in load. He also observed the fact that the inclined stirrups 
showed a larger build-up in stress before diagonal cracking than the corre-
sponding vertical stirrups. This trend is also seen in the model. 
It should be pointed out in Fig. 73 and 74 that the shear carried by 
the compression zone does not remain constant at the value it had when the 
diagonal crack occurred. In the cases shown the shear carried by the compres-
sion zone reaches a higher value than it had at the initiation of the inclined 
crack. 
Actually, the real redistribution of forces between the concrete 
compression zone and the stirrups at the instant of inclined cracking depends 
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on the path of the load-deflection curve. As was discussed in Chapter 3 in 
conjunction with Fig. 20, there are several possibilities depending on the 
loading apparatus. The curves shown in Fig. 73 and 74 assume that the correct 
path corresponds to the actual load-deflection curve of the model. It should 
be recalled that this implies both a reduction in load and deflection at the 
instant of inclined cracking. Modified curves can be constructed based upon 
different assumptions concerning the load-deflection curve of the beam during 
the opening of the inclined crack. This difficulty arises due to the rigidity 
of the crack as previously discussed. 
It should be pointed out that while the value of tan e = 1.75 
corresponds to the critical inclined crack for the beam shown in Fig. 73, it 
does not refer to the critical inclined crack for the beam shown in Fig. 74. 
These beams are presented for the same value of tan e in order for the 
comparison to be based on the same inclined crack. 
4.6 Comparison of Critical Concrete and Steel Strains 
In the past, it has been found desirable to study the shear-
compression failure of reinforced concrete beams with the aid of curves showing 
the variation of the concrete strain at the top fiber of the beam with respect 
to the strain in the longitudinal steel at some critical section. Figures 75 
and 76 show this variation for two beams with varying amounts of stirrups. 
These curves were obtained analytically. The critical section at which both 
steel and concrete strains were measured was taken directly beneath one of 
the concentrated loads. 
Comparing these curves with those presented in Ref. 11 or 18, it is 
apparent that there should be a break in the curve representing a flexural 
failure at flexural cracking. The reason for this change of slope arises 
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from the rise in the position of the neutral axis when flexural cracking 
occurs. As has been discussed previously the position of the neutral axis 
in the model cannot change and therefore there is no change of slope in the 
theoretical curve representing a: flexural failure. 
It should be observed that as long as these curves are plotted for 
the same value of tan e, an increase in the percentage of stirrups only 
slightly increases the strain in the steel at inclined cracking. However, the 
relationship between the concrete strain and the steel strain changes suddenly 
at inclined cracking. The exact shape of the curve at this point depends upon 
the load-deflection relationship assumed. In these curves, it is assumed that 
the correct load-deflection curve 'is the one which the analytical model 
actually undergoes. If one ignores this region of the curve when the inclined 
crack is opening and considers later stages of loading, it can be said that 
once inclined cracking occurs, there is a rapid increase in the concrete strain 
relative to the steel strain. This rapid build-up in concrete strains causes 
the compression zone to crush before the steel can reach its yield point. As 
the percentage of stirrups is increased the steel strain at failure of the 
compression zone becomes la,rger. If the stirrups are increased sufficiently 
it is possible to reach the yield stress of the steel (i.e., r = 0.00667 in 
Fig. 75 and r = 0.00333 in Fig. 76). At yielding of the steel the build-up 
in concrete strain is reduced and the curve becomes parallel to the flexural 
failure. In other words the presence of stirrups tends to force the variation 
in concrete and steel strains to become the same as it was for flexural failure. 
The curves shown in Fig. 75 and 76 are in quantitative agreement with those 
presented in Refs. 11 and 18. 
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4.7 Dowel Action of Longitudinal Steel 
The possibility of doweling action of the longitudinal steel has 
fre~uently been discussed. Yet, no ~uantitative conclusions have been reached. 
Certainly in beams without stirrups, the frequent horizontal splitting along 
the longitudinal steel at failure of the beam is evidence that part of the 
shear is being transferred across the inclined crack by dowel action. It was 
indicated in Section 4.4. that this doweling action influences the value of 
xh in beams without stirrups. Krahl (20) studied the effect of dowel re-
sistance on ~ using an analytical procedure. He found that dowel action 
tended to increase xh as well as change the shape of the critical crack in 
beams without stirrups. 
One of the only measurements of the actual magnitude of the dowel 
force was performed by Krefeld and Thurston (12). While their tests were 
Itmited, they made two significant observations. They found that the dowel 
force increased as aid decreased and also as the amount of concrete cover 
beneath the bars was increased. In the studies of Bresler and Scordelis (13) 
it was reported that the use of multi-layered arran~ents of tensile 
reinforcement leads to large dowel forces. 
The above observations really conclude that if the shear stiffness 
of the longitudinal steel is sufficiently increased, it will attract more 
force. When there are no stirrups present, the only mechanisms of shear 
transfer are the compression zone and the dowel action. The doweling force 
is present in this situation and can account for a considerable portion of 
the total load if its stiffness is large. Krefeld and Thurston found it could 
account for as much as 1/3 of the total load on the beam. However, the shear 
carrying capacity due to dowel action is unreliable since it decays as 
horizontal splitting occurs. 
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It can be argued that when stirrups are added, the stiffness of 
the stirrups in tension exceeds the shear stiffness of the longitudinal steel 
for reasonable values of p. Therefore the relative contribution of the dowel 
force to the stiffness of the inclined crack is considerably reduced. It was 
for this reason that the dowel action of the longitudinal steel was neglected 
in the analytical model. It should be recognized, however, that situations 
can be constructed where the dowel forces might be large. Bresler and 
Scordelis reported a large increase in shear capacity for beams with stirrups 
due to dowel action. These beams had high values of pf and multi-layered y 
arrangements of tensile steel. However, it could be argued that this increase 
was due to larger shears being carried by the stirrups and the compression 
zone than was assumed since no actual measurements were taken. 
5. SUMMARY 
5.1 Review 
The primary object of this study was to obtain an understanding of 
the role that web reinforcement plays in the resistance to combined bending 
and shear of reinforced concrete beams. To this end an analytical model was 
developed to simulate the response of a beam failing in shear-compression. 
The model developed is shown in Fig. 1. It should be observed that the model 
consists of several rigid portions connected by deformable elements representing 
the longitudinal steel, the stirrups, the concrete compression zone and the 
tensile strength of the concrete. As it stands, the analytical model contains 
only two degrees of freedom. While this led to easier solutions, such a rigid 
system had several inherent weaknesses. This has been discussed fully in 
Chapter 2. Nevertheless, an understanding of this simple model is considered 
to be essential in the development of a m9re complex system. Further, by 
using a discrete system of this nature it is possible to determine the internal 
forces under a controlled situation. Moreover, despite the simplicity of the 
model,many facets of the behavior of a reinforced concrete beam can be 
accurately ~eproduced by the model. 
An attempt was also made to develop a model with one degree of 
freedom. It was found that by resorting to such a crude model, only the 
flexural behavior of the beam could be reproduced. Therefore, this model was 
discarded in favor of the two-degree-of-freedom system. 
The failure of the model was governed by a limiting strain criterion 
in the compression zone of the model. This is in accord with the shear-
compression theory which states that the opening of an inclined crack creates 
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a concentration of strains in the compression zone of the beam. This strain 
concentration leads to a premature failure of the cbmpression zone. Since the 
location of the inclined crack was one of the variables in the analytical 
model, the inclined crack corresponding to failure of the'beam was defined 
to be that crack which allowed the beam to carry the least possible load. 
This assumption implies that the beam is isotropic and homogene01is. 
The model is capable of elastic as well as inelastic beha;±qr. The 
"-\. 
" 
only criterion is that once a deformable element has yielded it can not 'b~ 
unloaded. The behavior of the model has been presented in Chapter 3. 
Eighteen problems were solved involving beams without stirrups. 
All these beams failed in shear-compression. The properties of these beams 
are given in Table 2 and the important results from these solutions are listed 
in Table 4. All solutions obtained from the model were accomplished with the 
aid of the IBM 7094. 
Four hundred and fifty problems were considered which involved 
beams with web reinforcement. The properties of these beams are given in 
Table 3. Of these 450 beams, 224 failed in shear-compression and 226 reached 
their flexural capacities. The important results obtained from these solutions 
are listed in Tables 5, 6, 7, 8 and 9. 
The 450 beam solutions mentioned above were divided into 5 groups of 
90 beams each. The only difference in the beams contained in the 5 groups was 
the inclination of the stirrups. From a study of these groups it was possible 
to obtain some idea of the optimum inclination of stirrups. A general picture 
can be obtained by observing the number of shear-compression failures that 
occurred in each group of 90 beams. In the group with vertical stirrups, 
40 beams failed in shear-compression. Similarly the group having an inclina-
tion angle, i, equal to 75 0 showed 36 failures. Moreover, when i = 600 , there 
were 37 failures; i = 450 , 49 failures; and i = 300 , 62 failures. 
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From the above findings and the curves reported earlier in 
Section 3.4) it can be stated that the efficiency of the stirrups increases 
o 0 
slightly as the inclination of stirrups is changed from I = 90 to I = 75 
or 600 . However) there is a definite loss of efficiency when I is lowered 
o 0 to 45 and a large loss in efficiency at a value of I = 30 . 
5.2 Conclusions 
The writer feels that the use of models to simulate the behavior 
of reinforced concrete beams has great promise. Certainly) when reinforced 
concrete beams are subjected to combined flexure and shear) the cracking 
patterns of the beam are so involved that models become one of the only ways 
that the problem can be handled analytically. The model presented in this 
study represents a first step in this direction. Although the development of 
this model represents the embryonic state of thinking on the problem) one 
advantage of models becomes quite clear. By using models it is possible to 
study beams under carefully controlled conditions. This does not imply that 
laboratory investigations should now take a back seat in the over-all scheme. 
Instead the model study and the laboratory investigations should complement 
each other so that the results of the one can be applied successfully to 
the continued development of the other. 
One of the more interesting aspects of this study was the comparison 
of the implications of the modified truss analogy with the shear-compression 
theory which is contained in Section 4.2. These two widely used theories 
appear to contradict each other. On the one hand, the:IDodified truss analogy 
states that the contribution of the stirrups to the shear strength of the 
beam, VI, remains constant as the shear span, a) increases. This can be seen 
by referring to either Eq. 59 or Eq. 60. On the other hand, the shear 
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compression theory implies that VI decreases as a increases since the moment 
at failure of the beam is a constant. It must also be assumed that a given 
percentage of web reinforcement creates the" "same increase in moment, tN, 
regardless of the value of a. 
The advantage of the analytical model is that it makes none of the 
assumptions that are implicit in the above mentioned theories. Further both 
theories should apply equally well to the model and the~efore the model can 
be used to determine the "true" variation of VI with respect to a and resolve 
this seeming paradox. From a study of the results of the mod,~l it was learned 
that the horizontal projection of the inclined crack decreased as a increased. 
Therefore VI cannot remain constant as assumed in the modified tr~'ss analogy. 
The contribution of the stirrups must decrease. Moreover it was disc'o,vered 
from the model solutions that the moment at failure of the compression zone 
increased slightly as a was increased in the beam hgving stirrups. This 
implies that although VI decreases as a increases, the rate of decrease is 
not as great as indicated by the shear compression theory. 
In effect, the modified truss analogy and the shear compression 
theory represent the two extreme limits for the variation of VI with respect 
to a. Consequently with the aid of the model it is seen that these two 
apparently divergent theories tend to converge when freed from the unrealistic 
aspects of their assumptions. 
The solutions obtained from the analytical model yielded the 
following conclusions which are listed below for the convenience of the reader. 
1. The shear-compression strength of the analytical model is 
closely related to the length of the deformable elements used in the model. 
The most critical length to determine is that of the longitudinal steel link 
crossing the inclined crack (link Be in Fig. Ib). This implies that in an 
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actual reinforced concrete beam, the shear-compression strength is influenced 
by the actual distribution of tensile strain in the longitudinal steel over 
the horizontal projection of the inclined crack. 
2. In beams without stirrups, the value of tan e,which represents 
the slope of the critical inclined crack, is' independent of the shear span. 
3. The critical value of tan e increases as the percentage of steel 
increases and decreases as the concrete strength increases. 
4. In the problems solved involving beams without web reinforcement, 
the value of xhl d varied between 1.24 and 1.57. This should be compared with 
the value of xh/d = 1.00 which is usually assumed in most shear theories. 
5. In beams with stirrups, both the critical value of tan e and 
the horizontal prOjection of the inclined crack, xh ' decrease as aid is 
increased. 
6. The critical value of tan e as well a,s xh decreases as the 
percentage of stirrups, r, is increased. 
7. Inclining the stirrups may increase the flexural capacity of 
the beam. 
8. Before the initiation of inclined cracking, the stirrups are 
lightly stressed. At the initiation of inclined cracking, the stirrups 
rapidly pick up load. Before failing in shear-compression the stirrups in all 
beams had yielded. 
9. The shear carried by the concrete does not remain constant 
after inclined cracking. At failure of the beam the shear carried by the. 
concrete may be greater or less than the value it bad at inclined cracking.' 
Moreover, the shear carried by the concrete in a beam with stirrups is not 
the same as the shear carried by the same beam without stirrups. 
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10. Inclining the stirrups definitely affects the shear-compression 
capacity of the analytical model. The optimum angle of inclination varied 
b t 60° and 90°. e ween In most beams it was found that stirrups with an 
inclination of 90° were more efficient than stirrups inclined at 45°. There 
was a large drop in efficiency when y was lowered to 30°. 
11. In all beams studied, an increase in r raised the shear-
compression strength. The efficiency decreased slightly as r became very 
large. 
12. In a few beams which failed in shear-compression at large 
values of r, the shear-compression strength could be increased by reducing p. 
13. In all beams without stirrups, the shear-compression strength 
was increased by either an increase in p or f! . 
C 
5.3 Suggestions for Further Study 
The studies described herein brought forth many new questions as 
well as answers. In order to answer these new questions, further work is 
needed. This work can be broken into two distinct categories--analytical and 
experimental. 
The analytical work required can be classified as a refinement of 
the present model. Certainly, the proper length to use for all the deformable 
elements is an area worthy of further study. These lengths were assumed to be 
functions of the depth of the neutral axis only. However, the results pre-
sented in Chapter 3 indicate a probable dependence of these lengths on the 
shear-span to depth ratio. Further, since the strength of the model in shear-
compression is sensitive to the length of the deformable element representing 
the longitudinal steel acting over the horizontal projection of the inclined 
crack (i.e., link BC in Fig. lb), it is quite important that this link length 
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be accurately determined. The factors involved in this computation are 
discussed in Section 2.3. The writer recognizes that the solution adopted in 
this study for the length of this link reflects his prior predjudices on the 
shear failure of beams. 
Another area for analytical study concerns the fixed position of 
the neutral axis. While it is not too important in a flexural failure, it 
may be significant in beams failing in shear-compression. In order to study 
this problem, one method should be considered. A position of the neutral 
axis could be assumed. With this posit~on of the neutral axis, the problem 
could be solved. Using this result, one could define a new position of the 
neutral axis. This could be done by find~ng the position of the neutral axis 
which would reduce the horizontal force at hinge A (see Fig. lb) to zero. 
With the new position of the neutral axis the problem could be solved again. 
This iterative procedure could be repeated until the force at hinge A is zero 
at failure of the compression zone. 
The procedure given above still maintains a constant location of 
the neutral axis during loading although the location is not determined from 
flexural considerations alone. Using this analytical model it may not be 
possible to construct a useful method which will allow the location of the 
neutral axis to vary during the loading procedure. 
Another area worthy of study is the failure criterion for the model. 
As more tests results become available on the relationship between shear stress 
and compressive stress in concrete subjected to combined stresses, it will be 
possible to incorporate another failure criterion in addition to flexure and 
shear-compression. From the compressive force in the compression zone, it 
could then be possible to determine the maximum shear stress which could act 
on the compression zone,at that particular instant. If this value turns out to 
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be less than the shear force necessary to preserve vertical equilibrium, then 
the model fails in diagonal tension as opposed to either shear-compression or 
flexure. 
It might also be possible to use a more complicated set of deformable 
elements to simulate the concrete compression zone. It should be recalled that 
the present model incorporates only a simple compression spring. In this 
respect, it might be possible to use the model discussed by Roy (21). However, 
it should be pointed out that further studies on the lengths Of all deformable 
elements are needed before one can justify refining tne compression zone. 
Finally it is recommended for future experimental investigations 
that a close record be kept on the horizontal projection of the inclined crack. 
In particular, the effect of r and aid on ~ should be studied. It should be 
pointed out that in investigating the effect of aid on xh ' the percentage of 
longitudinal reinforcement, p, should be kept constant and not be increased 
as aid is increased. The results of an experimental investigation with an 
emphasis on the factors influencing the horizontal projection of the inclined 
crack would be invaluable in assessing the validity of the model. 
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TABLE 1 
PROPERTIES OF PRELIMINARY TEST BEAMS* 
Mark b d a p :r )' L L L Let L . ss 
. sf sw es 
in. in. in. deg. in. in. in. in. in. 
001 10 20 60 0.013125 0.00667 90 18·75 2.00 2.00 2.00 2.00 
002 10 20 60 0.013125 0.00667 90 18·75 2.00 6.00 2.00 2.00 
003 10 20 60 0.013125 0.00667 90 18·75 2.00 10.00 2.00 2.00 
004 10 20 60 0.013125 0.00667 90 18·75 2.00 14.00 2.00 2.00 
005 10 20 60 0.013125 0.00167 90 2.00 2.00 2.00 2.00 2.00 
006 10 20 60 0.013125 0.00167 90 _·6.00 2.00 2.00 2.00 2.00 
007 10 20 60 0.013125 0.00167 90 18·75 2.00 2.00 2.00 2.00 
008 10 20 60 0.022000 0.00367 90 5·89 2.00 2.00 10.00 2.00 
009 10 20 60 0.022000 0.00367 90 5.89 2.00 2.00 4.00 2.00 
010 10 20 60 0.022000 0.00367 90 5·89 2.00 2.00 1.00 2.00 
I 
--.:) 
011:. 10 20 60 0.013125 0.00667 90 18·75 1.00 6.00 2.00 1.00 \0 I 
012. 10 20 60 0.013125 0.00667 90 18·75 2.00 6.00 2.00 2.00 
013 10 20 60 0.013125 0.00667 90 18·75 3·00 6.00 2.00 3·00 
* All these beams had f' = 3000 psi, f = 40,000 psi, f t = 300 psi, E = 30,000 ksi, E = 0.00150 e y . s eye 
E = 0.00400, E t = 0.00015 
eue eu 
MARK 
901 
902 
903 
904 
905 
906 
907 
908 
909 
910 
911 
912 
913 
914 
915 
916 
917 
918 
* 
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TABLE 2 
PROPERTIES OF TEST BEAMS 
HA VING NO WEB REINFORCEMENT* 
p a 
inches 
0.015 40 
0.015 60 
0.015 80 
0.015 40 
0.015 60 
0.015 80 
0.020 40 
0.020 60 
0.020 80 
0.020 40 
0.020 60 
0.020 80 
0.025 40 
0.025 60 
0.025 80 
0.025 40 
0.025 60 
0.025 80 
For fixed parameters of all beams as well as beam 
dimensions, see Section 2.5. 
f' 
c 
psi 
3000 
3000 
3000 
5000 
5000 
5000 
3000 
3000 
3000 
5000 
5000 
5000 
3000 
3000 
3000 
5000 
5000 
5000 
MARK p 
101 0.015 
102 0.015 
103 0.015 
104 0.015 
105 0.015 
106 0.015 
107 0.015 
108 0.015 
109 0.015 
110 0.015 
111 0.015 
112 0.015 
113 0.015 
114 0.015 
115 0.015 
116 0.015 
117 0.015 
118 0.015 
119 0.015 
120 0.015 
121 0.015 
122 0.015 
123 0.015 
124 0.015 
125 0.015 
126 0.015 
127 0.015 
128 0.015 
129 0.015 
130 0.015 
131 0.020 
132 0.020 
133 0.020 
134 0.020 
135 0.020 
136 0.020 
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TABLE 3 
PROPERTIES OF TEST BEAMS 
HAVING WEB REINFORCEMENT 
r )' 
degrees 
0.00083 90 
0.00083 90 
0.00083 90 
0.00083 90 
0.00083 90 
0.00083 90 
0.00167 90 
0.00167 90 
0.00167 90 
0.00167 90 
0.00167 90 
0.00167 90 
0.00333 90 
0.00333 90 
0.00333 90 
0.00333 90 
0.00333 90 
0.00333 90 
0.00500 90 
0.00500 90 
0.00500 90 
0.00500 90 
0.00500 90 
0.00500 90 
0.00667 90 
0.00667 90 
0.00667 90 
0.00667 90 
0.00667 90 
0.00667 90 
0.00083 90 
0.00083 90 
0.00083 90 
0.00083 90 
0.00083 90 
0.00083 90 
a f' 
c 
inches psi 
40 3000 
60 3000 
80 3000 
40 5000 
60 5000 
80 5000 
40 3000 
60 3000 
80 3000 
40 5000 
60 5000 
80 5000 
40 3000 
60 3000 
80 3000 
40 5000 
60 5000 
80 5000 
40 3000 
60 3000 
80 3000 
40 5000 
60 5000 
80 5000 
40 3000 
60 3000 
80 3000 
40 5000 
60 5000 
80 5000 
40 3000 
60 3000 
80 3000 
40 5000 
60 5000 
80 5000 
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MARK p r I a f' c 
degrees inches psi 
137 0.020 0.00167 90 40 3000 
138 0.020 0.00167 90 60 3000 
139 0.020 0.00167 90 80 3000 
140 0.020 0.00167 90 40 5000 
141 0.020 0.00167 90 60 5000 
142 0.020 0.00167 90 80 5000 
143 0.020 0.00333 90 40 3000 
144 0.020 0.00333 90 60 3000 
145 0.020 0.00333 90 80 3000 
146 0.020 0.00333 90 40 5000 
147 0.020 0.00333 90 60 5000 
148 0.020 0.00333 90 80 5000 
149 0.020 0.00500 90 40 3000 
150 0.020 0.00500 90 60 3000 
151 0.020 0.00500 90 80 3000 
152 0.020 0.00500 90 40 5000 
153 0.020 0.00500 90 60 5000 
154 0.020 0.00500 90 80 5000 
155 0.020 0.00667 90 40 3000 
156 0.020 0.00667 90 60 3000 
157 0.020 0.00667 90 80 3000 
158 0.020 0.00667' 90 40 5000 
159 0.020 0.00667 90 60 5000 
160 0.020 0.00667 90 80 5000 
161 0.025 0.00083 90 40 3000 
162 0.025 0.00083 90 60 3000 
163 0.025 0.00083 90 80 3000 
164 0.025 0.00083 90 40 5000 
165 0.025 0.00083 90 60 5000 
166 0.025 0.00083 90 60 5000 
167 0.025 0.00167 90 40 3000 
168 0.025 0.00167 90 60 3000 
169 0.025 0.00167 90 80 3000 
170 0.025 0.00167 90 40 5000 
171 0.025 0.00167 90 60 5000 
172 0.025 0.00167 90 80 5000 
MARK 
173 
174 
175 
176 
177 
17S 
179 
ISO 
lSI 
lS2 
lS3 
lS4 
lS5 
lS6 
lS7 
ISS 
lS9 
190 
* 
p 
0.025 
0.025 
0.025 
0.025 
0.025 
0.025 
0.025 
0.025 
0.025 
0.025 
0.025 
0.025 
0.025 
0.025 
0.025 
0.025 
0.025 
0.025 
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TABLE 3 (Cont'd) 
r )' 
degrees 
0.00333 90 
0.00333 90 
0.00333 90 
0.00333 90 
0.00333 90 
0.00333 90 
0.00500 90 
0.00500 90 
0.00500 . 90 
0.00500 90 
0.00500 90 
0.00500 90 
0.00667 90 
0.00667 90 
0.00667 90 
0.00667 90 
0.00667 90 
0.00667 90 
a f' 
c 
inches psi 
40 3000 
60 3000 
So 3000 
40 5000 
60 5000 
So 5000 
40 3000 
60 3000 
So 3000 
40 5000 
60 5000 
So 5000 
40 3000 
60 3000 
So 3000 
40 5000 
60 5000 
So 5000 
1. For fixed parameters of all beams as well as beam dimensions, see 
Section 2.5. 
2. The first integer in the beam mark, which is 1 in all beams listed 
in Table 3 stands for beams with a value of )' = 90°. If the first 
integer is changed to 2, then I = 75°. Similarly, if the first 
integer is 3, )' = 60°, if the first integer is 4, )' = 45°; and if 
the first integer is 5, )' = 30°. Therefore, in order to obtain 
the: properties of the remaining 360 beams, all that must be done 
is to examine the last two integers in the beam mark and enter 
Table 3 at the beam which has the same last two integers. All 
properties listed in Table 3 except )' will apply to the beam in 
question. The correct value of )' is obtained from the first 
integer. For example, Beams 115, 215, 315, 415, and 515 are 
identical except for the value of I. 
Beam V 
c 
Mark kips 
901 30.8 
902 20·5 
903 15·4 
904 44·5 
905 29·7 
906 22·3 
907 36.6 
908 24.4 
909 18·3 
910 47·7 
911 31.8 
912 23·9 
913 43·2 
914 28.8 
915 21.6 
916 51·3 
917 34.2 
918 25·7 
* 
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TABLE 4 
SOLUTIONS FOR BEAMS 
WITHOUT WEB REINFORCEMENT 
V V
uf tan e u 
kips kips 
34.1 53·1 2.00 
22·7 35·4 2.00 
17·0 26.6 2.00 
44·5 55·9 1·50 
29·7 37·3 1·50 
22·3 27·9 1·50 
39·9 67·8 2·50 
26·7 45·2 2·50 
20.0 33·9 2·50 
50.6 72·7 1·75 
33·7 48·5 1·75 
25·3 36.3 1·75 
47·3 81.0 3·00 
31·5 54.0 3·00 
23·6 40·5 3·00 
56.8 88.6 2.00 
37·9 59·0 2.00 
28.4 44·3 2.00 
~ Vu/VACI* 
inches 
28.57 1·392 
28.57 0·974 
28·57 0·749 
24.86 1.439 
24.86 1.014 
24.86 0·777 
30·95 1·547 
30·95 1.108 
30·95 0.858 
27·00 1·591 
27·00 1.120 
27·00 0.863 
31.43 1·745 
31.43 1.260 
31.43 0·987 
28.57 1·716 
28.57 1.223 
28.57 0·950 
VACI is the ultimate shear predicted by the American Concrete Institute 
in Ref. 1. 
TABLE 5 
SOLUTIONS FOR BEAMS WITH WEB REINFORCEMENT 
r = 90 a 
Beam V V V
uf tan e xh Vu/VACr* V VI Type o.f** e u conc 
Mark kips kips kips inches kips kips Failure 
101 31.0 36·9 53·1 2.00 28.57 1.180 28·9 8.0 SC 
102 20·7 24.6 35.4 2.00 28.57 0.820 16.6 8.0 sc 
103 13·0 20.0 26.6 1·75 25·00 0.681 12.0 8.0 sc 
104 44.8 46.7 55·9 1·50 24.86 1.255 38·7 8.0 SC 
105 29·9 31.1 37·3 1·50 24.86 0.863 23·1 8.0 sc 
106 22.4 23.4 27·9 1·50 24.86 0.661 15·4 8.0 sc 
107 26·3 42·7 53·1 1·75 25·00 1.130 26·7 16.0 sc 
108 12.4 32·5 35·4 1.25 17·86 24.5 8.0 SC I 
109 8·5 26.6 26.6 1.00 14.29 18.6 8.0 F co Vl 
110 45·0 49·5 55·9 1·50 24.86 1.130 33·5 16.0 SC I 
III 22.4 37·3 37·3 1.00 16.57 29·3 8.0 F 
112 12·5 27·9 27·9 0·75 12.43 19·9 8.0 F 
113 12.8 53·1 53·1 1.00 14.29 F 
114 35.4 35·4 0·75 10·70 F 
115 26.6 26.6 F 
116 55·9 55·9 0·75 12.43 F 
117 37·3 37·3 F 
118 27·9 27·9 F 
119 53·1 53·1 F 
120 35.4 35.4 F 
121 26.6 26.6 F 
122 55·9 55·9 F 
123 37·3 37·3 F 
124 27·9 27·9 F 
TABLE 5 (eontld) 
Beam V V V
uf tan e V~/VAeI* V VI ** C u xh conc Type of 
Mark kips kips kips inches kips kips Failure 
125 53·1 53·1 F 
126 35·4 35.4 F 
127 26.6 26.6 F 
128 55·9 55·9 F 
129 37·3 37·3 F 
130 27·9 27·9 F 
131 43.1 43·1 67·8 2·75 34.05 1·327 se 
132 28·7 28·7 45.2 2·75 34.05 0·932 se 
133 21.6 21.6 33·9 2·75 34.05 0·720 se I ex> 
134 48.0 53·4 72·7 1·75 27·00 1·386 45·4 8.0 se 0\ I 
135 32.0 35.6 48.5 1·75 27·00 0·968 27·6 8.0 se 
136 24.0 26·7 36·3 1·75 27·00 0·742 18·7 8.0 se 
137 31.6 47·5 67·8 2.25 27·86 1.214 31·5 16.0 se 
138 14·9 34.1 45·2 1·75 21.67 0·912 22.1 12.0 se 
139 8.4 29.8 33·9 1.25 15·48 21.8 8.0 se 
140 48.2 56.2 72·7 1·75 27·00 1.246 40.2 16.0 se 
141 26·7 40.0 48·5 1·50 23·14 0·923 28.0 12.0 se 
142 17·1 36·3 36·3 1.25 19·29 24·3 12.0 F 
143 16·9 61.0 67·8 1.25 15.48 1.161 45.0 16.0 se 
144 10.6 45·2 45·2 1.00 12·39 29·2 16.0 F 
145 33·9 33·9 F 
146 34.6 72·7 72·7 1.25 19·29 48·7 24.0 F 
147 48.5 48.5 F 
148 36.3 36·3 F 
Beam V V V
uf c u 
Mark kips kips kips 
149 67·8 67·8 
150 45.2 45.2 
151 33·9 33·9 
152 72·7 72·7 
153 48·5 48.5 
154 36·3 36·3 
155 67·8 67·8 
156 45.2: 45.2 
157 33·9 33·9 
158 72·7 72·7 
159 48.5 48·5 
160 36·3 36·3 
161 50.0 50.0 81.0 
162 33·3 33·3 54.0 
163 25·0 25·0 40·5 
164 51·5 59·6 88.6 
165 34.4 39·7 59·0 
166 25·8 29·8 44·3 
167 38.1 54.1 81.0 
168 18.6 37·1 54.0 
169 12.0 29·6 40·5 
170 61·9 61.1 88.6 
171 34·5 41.6 59·0 
172 18.1 36.0 44·3 
TABLE 5 i( Cont ' d) 
I, 
tan e I xl h 
I inches 
1 
I 
I 
I 
i 
-J---
==1=== 
--1---
--1---
_J ___ 
I, 
--!---I 
I 
I 
--1---
--1---
i 
--1---
i 
--!---
I 
I 
--1---
3·25 34'1. 05 
3·25 341. 05 
3·25 341.05 
2.00 271.00 
I 2.00 271.00 
2.00 271.00 
I 
2·75 28!.81 
2.25 231·57 
2.00 291·95 
2.25 321·14 
2.00 281·57 
1·50 211·43 
Vu/VAer* 
1.480 
1.050 
0.817 
1·500 
1.052 
0.814 
1·341 
0·969 
0·797 
1·320 
0·940 
0.833 
V' V Type of** 
conc 
kips kips Failure 
F 
F 
F 
F 
F 
F 
F 
F 
F I OJ 
F -l I 
F 
F 
40.0 10.0 se 
23·3 10.0 se 
15·0 10.0 se 
51.6 8.0 se 
31·7 8.0 se 
21.8 8.0 se 
38.1 16.0 se 
25·1 12.0 se 
17·6 12.0 se 
41.1 20.0 se 
25·6 16.0 se 
24.0 12.0 se 
TABLE 5 (Cont'd) 
Beam V V V
uf tan e xh Vu/VACr* v V' Type of** c u conc 
Mark kips kips kips inches kips kips Failure 
173 24.4 62.3 81.0 2.00 20·95 1.159 38·3 24.0 SC 
174 11.1 46·9 54.0 1.25 13·10 0·906 30·9 16.0 SC 
175 8.0 38.1 40·5 1.00 10.48 30.1 8.0 SC 
176 36.4 75·3 88.6 1·50 21.43 1.260 51·3 24.0 SC 
177 18.8 59·0 59·0 1.00 14·30 43.0 16.0 F 
178 10·3 44·3 44·3 0·75 10·71 36·3 8.0 F 
179 16.9 71·7 81.0 1.25 13·10 1.059 47·7 24.0 SC 
180 10.8 52.8 54.0 1.00 10.48 40.8 12.0 SC 
181 40.5 40·5 F , eX> 182 28.4 88.6 88.6 1.00 14.29 64.6 24.0 F eX> I 
183 59·0 59·0 F 
184 44·3 44·3 F 
185 16.0 77·1 81.0 1.00 10.48 0·961 61.1 16.0 SC 
186 54.0 54.0 F 
187 40.5 40·5 F 
188 20·7 88.6 88.6 0·75 10·71 72.6 16.0 F 
189 59·0 59·0 F 
190 44·3 44·3 F 
* Computed only if both ACI and model predict shear failures. 
** SC = Shear-Compression F = Flexure 
TABLE 6 
SOLUTIONS FOR BEAMS WITH WEB REINFORCEMENT 
)' = 750 
Beam V V V
uf tan e xh Vu/VACI* V VI Type of** c u conc 
Mark kips kips kips inches kips kips Failure 
201 37·1 37·1 53·1 2.25 32.14 1.146 SC 
20~ 24·7 24·7 35.4 2.25 32.14 0·792 SC 
203 13·0 20.2 26.6 1·75 25·00 0.660 12·5 7·7 SC 
204 44.8 46·7 55·9 1·50 24.86 1.218 39·0 7·7 SC 
205 30.0 31.1 37·3 1·50 24.86 0.836 23·4 '.7·7 SC 
206 22.4 23·4 27·9 1·50 24.86 15·7 7·7 SC 
207 26·3 43·2 53·1 1·75 25·00 1.073 27·7 15·5 SC 
208 11·3 35.4 35.4 1.00 14.29 27·7 7·7 F I 
209 6·3 26.6 26.6 0·75 10·71 18·9 7·7 F co '-D 
45·0 49·6 24.86 34.1 J 210 55·9 1·50 1.075 15·5 SC 
211 22.6 37·3 37·3 1.00 16.57 25·7 11.6 F 
212 12.6 27·9 27·9 0·75 12.43 20.2 7·7 F 
213 12·7 53·1 53·1 0·75 10·71 37·6 15·5 F 
214 35.4 35.4 F 
215 26.6 , 26.6 F 
216 25·3 55·9 55·9 0·75 12.43 40.4 15·5 F 
217 37·3 37·3 F 
218 27·9 27·9 F 
219 53·1 53·1 F 
220 35·4 35.4 F 
221 26.6 26.6 F 
222 55·9 55·9 F 
223 37·3 37·3 F 
224 27·9 27·9 F 
TABLE 6 (eont'd) 
Beam V V V
uf tan e xh Vu/VAer* V VI Type of** c u conc 
Mark kips kips kips inches kips kips Failure -
225 53·1 53·1 F 
226 35·4 35·4 ·F 
227 26.6 26.6 F 
228 55·9 55·9 F 
229 37·3 37·3 F 
230 27·9 27·9 F 
231 43·4 43·9 67·8 2·75 34.05 1·301 32·3 11.6 se 
232 2B·9 29·3 45·2 2·75 34.05 0·915 17·7 11.6 se 
233 18.5 22.0 33·9 2·50 30·95 0.688 12·3 9·7 se I \0 
234 48.2 54.8 72·7 1·75 27·00 1·380 45·1 9·7 0 se I 
235 32.1 36.5 48.5 1·75 27·00 0·981 26.8 9·7 se 
236 24.1 27·4 36·3 1·75 27·00 17·7 9·7 se 
237 37·4 48.1 67·8 2·50 30·95 1.160 28.8 19·3 se 
238 15·2 36·3 45·2 1·75 21.67 0·912 20.8 15·5 se 
239 8.5 31.2 33·9 1.25 15.48 19·6 11.6 se 
240 58.1 58.1 72·7 2.00 30.86 1.224 se 
241 27·0 44.1 48·5 1·50 23·14 0·965 28.6 15·5 se 
242 15·3 36·3 36·3 1.00 15.43 24·7 11.6 F 
243 17·5 65·4 67·8 1.25 15·48 1.141 42.2 23·2 se 
244 8.2 45.2 45.2 0·75 9·29 29·7 15·5 F 
245 33·9 33·9 F 
246 31.1 72·7 72·7 1.00 15·43 49·5 23·2 F 
247 15·7 48·5 48.5 0·75 11·57 33·0 15·5 F 
248 36·3 36·3 F 
TABLE 6 (eont'd) 
Beam V V V
uf tan e xh Vu/VAer* V V' Type of** c u conc 
Mark kips kips kips inches kips kips Failure 
249 12·5 67·8 67·8 0·75 9·29 44.6 23·2 F 
250 45.2 45·2 F 
251 33·9 33·9 F 
252 72·7 72·7 F 
253 48·5 48·5 F 
25l~ 36·3 36·3 F 
255 67·8 67·8 F 
256 45.2 45·2 F I 
257 33·9 33·9 F \D \---1 258 72·7 72·7 F I 
259 48·5 48.5 F 
260 36.3 36·3 F 
261 50.0 50.0 81.0 3·25 34.05 1.428 40·3 9·7 se 
262 33·3 33·3 54.0 3·25 34.05 1.011 23·6 9·7 se 
263 25·0 25·0 40·5 3·25 34.05 0·786 15·3 9·7 se 
26l~ 51·7 61.0 88.6 2.00 28.57 1.489 51·3 9·7 se 
265 34.5 40·7 59·0 2.00 28·57 1.047 31.0 9·7 se 
266 25·9 30·5 44·3 2.00 28.57 0.807 20.8 : 9·7 se 
267 50.4 54.1 81.0 3·25 34.05 1.267 34.8 19·3 se 
268 21.8 37·2 54.0 2.50 26.19 0·915 21·7 15·5 se 
269 12.0 30.6 40·5 2.00 20·95 0·773 19·0 11.6 se 
270 61·9 61·9 88.6 2.25 32.14 1.269 se 
271 34.8 44.4 59·0 2.00 28.57 0·950 25·1 19·3 se 
272 18·3 39·7 44·3 1·50 21.43 24.2 15·5 se 
TABLE 6 (Cont'd) 
Beam V V V
uf tan e xh vu/VACI* V 
VI Type of** c u conc 
Mark kips kips kips inches kips kips Failure -
273 24·5 64.2 81.0 2.00 20·95 1.099 41.0 23·2 SC 
274 11 .. 2 48.6 54.0 1.25 13·10 33·1 15·5 SC 
275 8 .. 7 40.5 40·5 1.00 10.48 25·0 15·5 F 
276 31 .. 4 84·3 88.6 1.25 17·86 1·309 61.1 23·2 SC 
277 19·1 59·0 59·0 1.00 14.29 43·5 15·5 F 
278 11 .. 2 44·3 44·3 0·75 10·71 28.8 15·5 F 
279 17 .. 0 74·3 81.0 1.25 13·10 1.000 51.1 23·2 SC 
280 9 .. 0 54.0 54.0 0·75 7·86 42.4 11.6 F I 
281 6.8 40·5 40·5 0·75 7·86 28·9 11.6 F \D J\) 
282 28 .. 7 88.6 88.6 1.00 14.29 65.4 23·2 F I 
283 59·0 59·0 F 
284 44·3 44·3 F 
285 17·9 81.0 81.0 1.00 10.48 50.1 30·9 F 
286 54.0 54.0 F 
287 40·5 40·5 F 
288 88.6 88.6 F 
289 59·0 59·0 F 
290 44·3 44·3 F 
* Computed only if both ACI and model predict shear failures 
** SC = Shear-Compression F = Flexure 
Beam V V c u 
Mark kips kips 
301 37.1 37.1 
302 24.7 24.7 
303 13·0 20.0 
304 44.8 46.7 
305 29·9 31.1 
306 22.4 23.4 
307 26.2 42.7 
308 12.6 35·7 
309 6·3 26.9 
310 45.0 49·6 
311 22.6 37·7 
312 12·7 28.2 
313 12·7 54.3 
314 36.2 
315 27·2 
316 25·8 57·1 
317 38.1 
318 28.5 
319 55·0 
320 36.6 
321 27·5 
322 57·7 
323 38.5 
324 28.8 
TABLE 7 
SOLUTIONS FOR BEAMS WITH WEB REINFORCEMENT 
I' = 60° 
V
uf tan e xh Vu/VACI* 
kips inches 
53.4 2: .. 25 32.14 1.144 
35.6 2.25 32.14 0.792 
26.7 1·75 25·00 
56.2 1·50 24.86 1.217 
37.5 1·50 24.86 0.835 
28.1 1·50 24.86 
53·7 1·75 25·00 1.060 
35.8 1.25 17.86 
26.9 0-·75 10.71 
56.5 1·50 24.86 1.072 
37·7 1.00 16.57 
28.2 0·75 12.43 
54·3 0·75 10.71 
36.2 
27·2 
57·1 0·75 l2.43 
38.1 
28.5 
55·0 
36.6 
27·5 
57·7 
38.5 
28.8 
V VI Type of** conc 
kips kips . Failure 
SC 
SC 
13·1 6·9 SC 
39.8 6.9 SC 
24.2 6.9 SC 
16.5 6.9 SC 
28.8 13·9 SC 
25·3 10.4 SC I 'D 
20.0 6.9 F \.).I B 
35·7 13·9 SC 
27·3 10.4 F 
17.8 10.4 F 
40.5 13.8 F 
F 
F 
36.3 20.8 F 
F 
F 
F 
F 
F 
F 
F 
F 
TABLE 7 (Cont'd) 
Beam V V V
uf tan e xh Vu/VACr* v 
VI Type of** c u conc 
Mark kips kips kips inches kips kips Failure 
325 55·7 55·7 F 
326 37.0 37·0 F 
327 27.8 27·8 F 
328 58·3 58·3 F 
329 38.9 38.9 F 
330 29·1 29·1 F 
331 43.1 43·1 68.1 2·75 34.05 1.280 SC 
332 28.7 28.7 45.4 2·75 34.05 0.897 sc I \D 
333 21·5 21·5 34.0 2·75 34.05 0.635 sc +:-i 
334 48.2 54.8 73·0 1·75 27·00 1·380 46.1 8·7 sc 
335 32.1 36.6 48.7 1·75 27·00 0.963 27·9 8.7 se 
336 24.1 27.4 36.5 1·75 27.00 18.7 8.7 sc 
337 43·5 46.4 68.4 2·75 34.05 1.113 29·1 17·3 sc 
338 17.8 34.9 45.6 2.00 24.76 0.875 21.0 13·9 sc 
339 8.5 3().5 34.2 1.25 15.48 20.1 10.4 sc 
340 58.1 58.1 73·3 2.00 30.86 1.220 se 
341 26.9 41·5 48.9 1·50 23.14 0·905 27.6 13·9 SC 
342 15·3 36.6 36.6 1.00 15.43 26.2 10.4 F 
343 17.4 64.1 69.0 1.25 15.48 1.120 43·3 20.8 se 
344 8.2 46.0 46.0 0·75 9·29 32.1 13·9 F 
345 34.5 34.5 F 
346 35.4 73·9 73·9 1.25 19·30 46.2 27·7 F 
347 49·3 49.3 F 
348 36.9 36.9 F 
TABLE 7 (Cont'd) 
Beam V V V
uf tan e xh Vu/VACr* v 
VI Type of** 
c u conc 
Mark kips kips kips inches kips kips Failure 
349 12·5 69.6 69.6 0.75 9·29 48.8 20.8 F 
350 46.4 46.4 F 
351 34.8 34.8 F 
352 74.5 74.5 F 
353 49.7 49.7 F 
354 37·2 37·2 F 
355 70.2 70.2 F 
356 46.8 46.8 .F I \0 
357 35.1 35.1 F V1 I 
358 75·1 75·1 F 
359 50.1 50.1 F 
3Go 37·5 37·5 F 
361 50.0 50.0 81.0 3·25 34.05 1.428 41.3 8.7 SC 
362 33·3 33·3 5~.0 3·25 34.05 1.011 24.6 8·7 sc 
363 25·0 25·0 40·5 3·25 34.05 0.786 16·3 8.7 sc 
364 51.7 61.0 88.9 2.00 28.57 1.489 52·3 8.7 sc 
365 34.5 40.7 59·2 2.00 28.57 1.047 32.0 8.7 sc 
366 25.9 30·5 44.4 2.00 28.57 0.807 21.8 8.7 sc 
367 50.4 54.1 81.0 3·25 34.05 1.262 36.8 17·3 sc 
368 21.8 37·2 54.0 2·50 26.19 0·911 23·3.- 13·9 sc 
369 12.0 29·1 40.5 2.00 20·95 0.734 18.7 10.4 sc 
370 61.9 61.9 8902 2.25 32.14 1.267 SC 
371 41·3 41.8 59.4 2.25 32.14 0.893 24.5 17·3 SC 
372 1802 37·3 44.6 1·50 21.43 23-.. 4 13-·9 sc 
TABLE: 7 (Cant I d) 
Beam V V V
uf tan e xh Vu/VAC1* V 
VI Type of** 
c u cone 
Mark kips kips kips inches kips kips Failure 
373 24.4 61·3 81.0 2.00 20·95 1.046 40.5 20.8 SC 
374 11.2 48.0 54.0 1.25 13·10 34.1 13·9 SC 
375 8.7 40.5 40.5 1.00 10.48 26.6 13.9 F 
376 37·1 80.0 89.8 1.50 21.43 1.239 52·3 27·7 SC 
377 19.4 59.8 59·8 1.00 14.29 39.0 20.8 F 
378 11·3 44.9 44.9 0.75 10·71 31.0 13·9 F 
379 17·0 73·3 81.0 1.25 13·10 0.986 52.5 20.8 SC 
380 12.0 54.0 54.0 1.00 -, 10.48 --""::"-- 33·2 20.8 F I \.0 
381 7.1 40.5 40.5 0.75 7.86 19·7 20.8 F 0\ I 
382 21.0 90.4 90·4 0·75 10·71 69.6 20.8 F 
383 60.2 60.2 F 
384 45.2 45·2 F 
385 17·9 81.0 81.0 1.00 10.48 53·3 27·7 F 
386 54.0 54.0 F 
387 40.5 40.5 F 
388 91.0 9,1.0 F 
389 601.6 60.6 F 
390 45.5 45.5 F 
* Computed only if both ACI and model predict shear failures. 
** SC = Shear-Compression F = Flexure 
Beam V V c u 
Mark kips kips 
401 37·1 37.1 
402 24.7 24.7 
403 18·5 18.5 
404 44.8 46.7 
405 29·9 31.1 
406 22.4 23.4 
407 37.4 40.0 
408 14.7 31.4 
409 8.6 26.9 
410 45.0 49.6 
411 25·5 37.4 
412 12.6 28.2 
413 17·7 54.3 
414 9·5 36.2 
415 27·2 
416 25.6 57·1 
417 38.1 
418 28.5 
419 54.9 
420 36.6 
421 27·5 
422 57·7 
423 38.5 
424 28.8 
TABLE 8 
SOLUTIONS FOR BEAMS WITH WEB REINFORCEMENT 
'Y == 450 
V
uf tan e xh Vu/VACI* 
kips inches 
53.4 2.25 32.14 1.190 
35.6 2.25 32.14 0.82~ 
26.7 2.25 32.14 
56.2 1.50 24.86 1.257 
37·5 1.50 24.86 0.864 
28.1 1.50 24.86 
53·7 2.25 32.14 1.060 
35.8 1·50 21.43 
26.9 1.00 14.29 
56.5 1.50 24.86 1.132 
37·7 1.25 20·71 
28.2 0.75 12.43 
54.3 1.00 14.29 
36.2 0.75 10·71 
27·2 
57.1 0·75 12 .43 
38.1 
28.5 
54.9 
36.6 
27·5 
57·7 
38.5 
28.8 
V V' Type of** conc 
kips kips Failure 
SC 
SC 
SC 
41.0 5·7 SC 
25.4 5·7 SC 
17·7 5·7 SC 
I 
25·9 14.1 SC '0 -...:] 
20.1 11·3 SC I 
18.4 8·5 F 
38.3 11·3 SC 
26.1 11·3 SC 
19.7 8.5 F 
37·3 17·0 F 
25·0 11.2 F 
F 
40.1 17·0 F 
F 
F 
F 
F 
F 
F 
F 
F 
TABLE 8 (eont'd) 
Beam V V Vuf tan e xh Vu/VAer* v V' Type of** c u conc 
Mark kips kips kips inches kips kips Failure 
425 55·5 55·5 F 
426 37.0 37.0 F 
427 27.8 27.8 F 
428 58.3 58·3 F 
429 38.9 38.9 F 
430 29·1 29·1 F 
431 43.1 43.1 68.1 2.75 34.05 1·329 se 
432 28.7 28.7 45.4 2·75 34.05 0·932 se I 
433 21·5 21·5 34.0 2·75 34.05 0.716 se \.0 CD 
434 48.2 54.8 73·0 1·75 27·00 1.424 47·7 7·1 se I 
435 32.1 36.6 48.7 1·75 27·00 0·995 29.5 7·1 se 
436 24.1 27.4 36.5 1·75 27.00 0.762 20·3 7·1 se 
437 43.5 46.4 68.4 2·75 34.05 1.188 32·3 14.1 se 
438 29·0 31·5 45.6 2·75 34.05 0.842 17.4 14.1 se 
439 11·3 26.7 34.2 1·75 21.67 15.4 11·3 se 
440 58.1 58.1 73·3 2.00 30.86 1.289 se 
441 38.7 38.7 48.9 2.00 30.86 0.893 se 
442 20.2 33.6 36.6 1·50 23·14 22·3 11·3 se 
443 19.5 58.6 69·0 1·50 18.57 1.117 41.6 17·0 se 
444 10.6 45.8 46.0 1.00 12 .38 34.5 11·3 se 
445 6.3 34.5 34.5 0·75 9·29 23·2 11·3 F 
446 41.0 72.6 73·9 1·50 23.14 1.241 50.0 22.6 se 
447 15·9 49.3 tl-9.3 0·75 11·57 32.;3 17.0 F 
448 36.9 36.9 F 
TABLE 8 (eont'd) 
Beam V V Vuf tan e xh Vu/VAer* v V' Type of** .c u conc 
Mark kips kips kips inches kips kips Failure 
449 16.1 69.1 69.6 1.00 12·38 1.071 52.1 17·0 se 
450 8.8 46.4 46.4 0.75 9·29 29.8 16.6 F 
451 34.8 34.8 F 
452 24.2 74.5 74.5 0.75 11·57 49.0 25·5 F 
453 49.7 49.7 F 
454 37.2 37.2 F 
455 13·0 70.2 70.2 0·75 9.29 47.6 22.6 F 
456 46.8 46.8 F I '-0 
457 35.1 35.1 F '-0 I 
458 75·1 75.1 F 
459 50.1 50.1 .,·'F 
460 37·5 37.5 F 
461 43. 4 49.9 81.3 3·00 31.43 1.477 44.2 5·7 se 
462 29·0 33·3 54.2 3·00 31.43 1.050 27.6 5·7 se 
463 21·7 25·0 40.6 3·00 31.43 0.817 19·3 5·7 se 
464 51.7 61.0 88·9 2.00 28.57 1·532 53·9 7·1 se 
465 34.5 40.7 59·2 2.00 28.57 1.080 33·6 7·1 se 
466 25·9 30·5 44.4 2.00 28.57 0.834 23.4 7·1 se 
467 43.7 52.6 81.6 3.00 31~43 1·302 41.3 11·3 se 
468 29·1 35·1 54.4 3·00 31.43 0.916 23.8 11·3 se 
469 21·9 26.8 40.8 3.00 31.43 0·721 15·5 11·3 se 
470 6109 61.9 89.2 2.25 32014 1·333 se 
471 41·3 4103 59.4 2.25 32.14 0·933 se 
472 31.0 32.0 44.6 2(..25 32.·14 0.741 17·9 14.1 se 
TABLE 8 (Cont'd) 
Beam V V V
uf tan e xh Vu/VAC1* V 
VI Type of** c u conc 
Mark kips kips kips inches kips kips Failure 
473 44.2 58.9 82.2 3·00 31.43 1.096 36.3 22.6 SC 
474 14.2 44.2 54.8 1·75 18·33 0.855 27·2 17·0 SC 
475 8.5 37·5 41.1 1.25 13·10 26.2 11·3 SC 
476 62.6 72.4 89.8 2.25 32.14 1.210 44.1 28·3 SC 
477 21.0 59·5 59·8 1.25 17.86 1.030 42.5 17·0 SC 
478 10.6 44.9 44.9 0·75 10·71 33·6 11·3 F 
479 21·7 69.4 82.8 1·75 18·33 1.031 43·9 25·5 SC 
480 11.6 54·3 55.2 1.25 13·10 37·3 17·0 SC I 
481 7·1 41.2 41.4 0·75 7.86 24.2 17·0 BC b 0 
482 31·9 89.8 90·4 1.25 17.86 1.229 64·3 25·5 SC I 
483 15·2 60.2 60.2 0·75 10·71 43·2 17·0 F 
484 12.4 45.2 45.2 0·75 10·71 30·3 14.9 F 
485 17·3 77·9 83.4 1.25 13·10 0.969 55·3 22.6 SC 
486 9.6 55 ·3! 55.6 0·75 7.86 32.7 22.6 SC 
487 7.4 41.7 41.7 0·75 7.86 19.8 21·9 F 
488 22.2 91.0 91.0 0·75 10·71 68.4 22.6 F 
489 60.6 60.6 F 
490 45.5 45.5 F 
* Computed only if both ACI and model predict shear failures. 
** SC = Shear-Compression F = Flexure 
TABLE 9 
SOLUTIONS FOR BEAMS WITH WEB REINFORCEMENT 
'Y = 30° 
Beam V V V
uf tan e xh Vu/VACI* V VI Type of** c u conc 
Mark kips kips kips inches kips kips Failure 
501 31.0 36.9 54.0 2.00 28.57 1.269 32.9 4.0 se 
502 20·7 24.6 36.0 2.00 28.57 0.882 20.6 4.0 se 
503 15·5 18.5 27·0 2.00 28.57 14.5 4.0 SC 
504 4;~ .8 46.7 56.8 1.50 24.86 1·331 42.7 4.0 SC 
505 29·9 31.2 37·9 1·50 24.86 0·920 27·2 4.0 SC 
506 2:2.4 23.4 28.4 1.50 24.86 19.4 4.0 SC I 
54.9 32.14 8.0 b 507 37.0 37·3 2.25 1.110 29·3 se I-' I 508 2;~. 7 24.9 36.6 2.25 32.14 0.769 16.9 8.0 se 
509 1'5.6 19·9 27·5 2.00 28.57 11·9 8.0 se 
510 4:5.0 49.6 57·7 1.50 24.86 1.252 41.6 8.0 se 
511 30.0 33.1 38.5 1.50 24.86 25·1 8.0 se 
512 2:2·5 24.8 28.8 1·50 24.86 16.8 8.0 se 
513 31.6 45.5 56.7 2.00 28.57 1.065 29·5 16.0 se 
514 1:2·9 37.8 37.8 1.25 17.86 25.8 12.0 F 
515 6.9 28.4 28.4 0.75 10·71 20.4 8.0 F 
516 45.5 55·3 59·5 1.50 24.86 1.134 39·3 16.0 SC 
517 2,3·0 39·7 39·7 1.00 16.57 27·7 12.0 F 
518 1,3·7 29.7 29.7 0.75 12.43 18.5 11.2 F 
519 19.6 58.5 58.5 1.25 17.86 40.5 18.0 F 
520 39·0 39·0 F 
521 29·3 29·3 F 
522 3:~ .8 61.3 61.3 1.00 16.57 43·3 18.0 F 
523 40·9 40.9 F 
524 30.6 30.6 F 
TABIJ~ 9 (eant I d) 
Beam. V V V
uf tan e xh Xu/VAer* V VI Type of** c u conc 
Mark kips kips kips inches kips kips Failure 
525 60·3 60.3 F 
526 40.2 40.2 F 
527 30.2 30.2 F 
528 63.1 63.1 F 
529 42.1 42.1 F 
530 31·5 31.5 F 
531 36.8 42.7 68.1 2.50 30.95 1.403 38.7 4.0 se 
532 24.5 28.4 4504 2.50 30·95 0·990 24.4 4.0 se I 
533 18.4 21·3 34.0 2.50 30·95 0.764 17·3 4.0 se b I\) 
534 48.0 53.4 73.6 1.75 27·00 1.466 40.4 4.0 se I 
535 32.0 35.6 49.1 1.75 27·00 1.027 31.6 4.0 se 
536 24.0 26.7 36.8 1.75 27·00 0.788 22·7 4.0 se 
537 43·1 43.6 68.4 2.75 34.05 1.250 35.6 8.0 se 
538 28.7 29·1 45.6 2.75 34.05 0.877 21.1 8.0 se 
539 21.5 21.8 34.2 2.75 34.05 0.673 13.8 8.0 se 
540 48.2 56.3 74.5 1.75 27·00 1·377 48·3 8.0 se 
541 32.1 37·5 49.7 1.75 27·00 0·956 29·5 8.0 se 
542 24.1 28.1 37·2 1.75 27·00 20.1 8.0 se 
543 43.5 49.2 69.0 2.75 34.05 1.120 33·2 16.0 se 
544 17·7 34.7 46.0 2.00 24.76 0.821 22·7 12.0 se 
545 9·9 33.6 34.5 1.50 18.57 21.6 12.0 se 
546 58.1 ~8.1 76·3 2.00 30.86 1.162 se 
547 27·3 6.8 50·9 1·50 23·14 0·970 30.8 16.0 se 
548 15·7 38.1 38.1 1.00 15.43 26.1 12.0 F 
TABLE 9 (Cont'd) 
Beam Vc V Vuf tan e xh Vu/VACr* v V' Type of** u conc 
Mark kips kips kips inches kips kips Failure 
549 26.9 55·2 69.6 2.00 24.76 1.040 37·2 18.0 sc 
550 10.8 46.1 46.4 1.00 12.38 34.1 12.0 se 
551 6.6 34.8 34.8 0·75 9·29 22.8 12.0 F 
552 34.7 75·2 78.1 1.25 19·29 1.272 57·2 18.0 se 
553 16.2 52.1 52.1 0.75 11·57 34.1 18.0 F 
554 13·2 39·0 39·0 0·75 11·57 22.8 16.2 F 
555 16.1 69.3 70.2 1.00 12.38 1.116 53·3 16.0 se 
556 8.8 46.8 46.8 0·75 9.29 30.8 16.0 F I 
557 35·1 35.1 F b \.PI 558 32.0 79·9 79·9 1.00 15.43 55·9 24.0 F I 
559 53·3 53·3 F 
560 39·9 39·9 F 
561 43.4 49.9 81·3 3·00 31.43 1·571 45.9 4.0 se 
562 29·0 33·3 54.2 3·00 31.43 1.124 29·3 4.0 se 
563 21·7 25·0 40.6 3·00 31.43 0.878 21.0 4.0 se 
564 51·5 59.6 89.5 2.00 28.57 1.581 55.6 4.0 se 
565 34.3 39·8 59·6 2.00 28.57 1.119 35.8 4.0 sc 
566 25.8 29·8 44.7 2.00 28.57 0.864 25.8 4.0 se 
567 49.9 51.4 81.6 3·25 34.05 1.419 43.4 8.0 se 
568 33·3 34.3 54.4 3·25 34.05 1.006 26·3 ·8.0 se 
569 25·0 25·7 40.8 3·25 34.05 0.779 17·7 8.0 se 
570 61.5 61.5 90.4 2.25 32.14 1.457 se 
571 41.0 41.0 60.2 2.25 32.14 1.020 SC 
572 30.7 30. 7 45.2 2.25 32.14 0.787 sc 
TABLE 9 (Cont I d) 
Beam V V V
uf tan e xh Vu/VACr* V 
VI Type of** 
c u conc 
Mark kips kips kips inches kips kips Failure 
573 37·9 55.2 82.2 2·75 28.81 1.220 43.2 12.0 SC 
574 25·3 36.8 54.8 2·75 28.81 0.852 24.8 12.0 SC 
575 16.3 29.8 41.1 2.50 26.19 17.8 12.0 SC 
576 61.8 64.0 92.2 2.25 32.14 1.249 48.0 16.0 SC 
577 41.2 42.7 61.4 2.25 32.14 0.869 26.7 16.0 SC 
578 18.2 39.4 46.1 1.50 21.43 27.4 12.0 SC 
579 38.1 58.4 82.8 2.75 28.81 1.073 40.4 18.0 SC 
580 12.0 44.5 55·2 1.50 15·71 0.851 32.5 12.0 SC I 
581 9·2 37.8 41.4 1.50 15.71 25.8 12.0 SC t) + 582 62.1 69.7 94.0 2.25 32.14 1.230 45.7 24.0 SC I 
583 21.2 62.1 62.6 1.25 17.86 0.948 44.1 18.0 SC 
584 10.8 47.0 47.0 0·75 10·71 35.0 12.0 F 
585 33·2 65·9 83.4 2.50 26.19 1.038 41.9 24.0 SC 
586 12.4 51.4 55.6 1.50 15·71 35.4 16.0 SC 
587 14.0 40.5 41.7 1.00 10.48 24.5 16.0 SC 
588 36.9 85·5 95.8 1·50 21.43 1.230 61.5 24.0 SC 
589 14.5 63·8 63·8 0·75 10·71 47.8 16.0 F 
590 12·3 47.9 47.9 0.75 10·71 31·9 16.0 F 
* Computed only if both ACr and model predict shear failures 
** SC = Shear-Compression F = Flexure 
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APPENDIX 
The purpose of the appendix is to outline the computer program which 
was used in the solution of the a~lytical model. The equations necessary to 
obtain this solution have already been discussed in Chapter 2 of this thesis. 
The calculations that have been presented were performed on the IEM 7094, a 
high-speed digital computer at the University of Illinois. The instructions 
to the computer were written in FORTRAN. 
A flow diagram for the computer program is shown in Fig. 77. It 
should be stated that the program was initiated with a value of tanS = 0.75. 
After each solution, tanewas incremented by a magnitude of 0.25 until it 
reached a value of 3.25. This corresponded to 11 solutions for each beam. 
The solution taken as correct was the value of tane 'which produced the minimum 
load. Each solution was terminated when the compression spring reached a 
limiting strain. However, the load and deflection were printed out each t~e 
a deformable element either yielded or failed. 
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j ~1 . j 
1 START COMPUTE: Set of 
constants for F\aB.compreBBi~ 
strain energy (PRINT: zone failed? 
equations .1 P, ¢, W 
READ: Beam + t geometry and 'CCMPUTE: tan e 
properties CHOOSE: Fanurj = tan e + 0.25 
criterion t PRINT: 
I Pmin, <1'>, '¥ 
"1- r<~8 tan e PRINT: Beam Yes = 3.50? r .l\lO geometry and SOLVE: :3 properties simultaneous 
equations for MODIFY: Strain II 
P, <P, W energy terms to I~ ~ account f'or 
COfv1PUTE: All t failure criterion I~ 
possible terms 
r< ? in strain energ{ Is P a equations mtnimum? I" , \.. I 
J 
~ INITIALIZE : For ~TORE: 
first cycle ~as compressio No P, ¢, '" II I _ 1 
zone failed? II /' t\. , ., 
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SELECT: New 
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FIGURE 77. FLOVT DIAGRAM FOR CG1PUTER PROORAM 
